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Abstract

The present thesis aims at an extension of the canonical formalism of Arnowitt,
Deser, and Misner (ADM) from self-gravitating point-like objects to self-gravitating
spinning objects. The ADM formalism allows for an efficient calculation of the con-
servative part of the dynamics in certain approximation schemes. Most important
for future gravitational wave astronomy, the post-Newtonian (PN) approximation
gives a good analytical handle on the inspiral phase of two compact objects like
black holes or neutron stars. The sought-for extension of the ADM formalism to
spinning objects would thus be very useful for subsequent applications, especially
higher order spin contributions to the PN approximation take priority here.

The extension of the ADM formalism to spinning objects succeeded in the present
thesis via an action approach to linear order in the single spins of the objects (which
includes spin(1)-spin(2) couplings). The found formalism shares certain similarities
with the canonical formulation of (classical) spin—% Dirac fields coupled to gravity. In
particular the contributions of Kibble on the last-mentioned topic were inspiring for
the present work. Whereas the action approach leads to a canonical formalism linear
in spin that is not otherwise limited to a PN order, an order-by-order construction
of the canonical formulation is possible and performed as a verification. Important
for this approach is the global Poincaré group and its generators. By relying on a
specific form of total linear and angular momentum expressed in terms of canonical
variables (i.e., the generators of global translations and rotations), the results of the
action approach are recovered up to the formal 3.5PN order.

For a consistent approach towards the dynamics quadratic in spin one has to in-
clude the quadrupole deformation due to spin. Such a deformation crucially depends
on the details of the object and will be different for black holes and various models
of neutron stars (in particular sensible to the equation of state and other details of
those models). Both the action approach and an order-by-order construction are in
principle applicable to canonical formulations at higher orders in spin. The PN next-
to-leading order (NLO) spin(1)-spin(1) level was tackled, modeling the spin-induced
quadrupole deformation through a single parameter for each object.

New results within the PN approximation are the NLO spin(1)-spin(2) as well as
the spin(1)-spin(1) binary Hamiltonians. The NLO spin-orbit binary Hamiltonian
was reproduced. Up to and including 3PN all Hamiltonians for maximally rotating
bodies are now known. Further applications (or extensions) of the formalism as well
as of the already obtained results are discussed.



Zusammenfassung

Die vorliegende Dissertation® hat die Erweiterung des kanonischen Formalismus von
Arnowitt, Deser und Misner (ADM), welcher giiltig fiir nichtrotierende gravitativ
selbstwechselwirkende Punktmassen ist, auf rotierende gravitativ selbstwechselwir-
kende Objekte zum Ziel. Der ADM Formalismus erlaubt eine effiziente Berechnung
der konservativen Dynamik in bestimmten Naherungen. Die post-Newtonsche (PN)
Néherung ist duflerst gut fiir die Beschreibung des Einspiralens zweier kompakter
Objekte, z.B. schwarzer Locher oder Neutronensterne, geeignet. Da dies bedeutsam
fiir zukiinftige Gravitationswellenastronomie ist, soll die gesuchte Erweiterung des
ADM Formalismus primér auf Spineffekte in der PN Néherung angewandt werden.

Bis zur linearen Ordnung im Spin bzw. Eigendrehimpuls der jeweiligen Objek-
te (was Spin(1)-Spin(2) Wechselwirkungen einschliefit) gelingt die Erweiterung des
ADM Formalismus iiber einen Wirkungszugang. Diese Herleitung dhnelt einer ent-
sprechenden Herleitung von Kibble fiir ein (klassisches) Spin—% Dirac-Feld, welches
an die Gravitation gekoppelt wird. Wahrend der Wirkungszugang zwar auf die li-
neare Ordnung im Spin beschrénkt ist aber ansonsten fiir alle PN Ordnungen gilt,
kann der kanonische Formalismus mit Spin auch Ordnung fiir Ordnung konstruiert
werden. Dies dient hier als Verifikation. Entscheidend hierfiir ist die globale Poin-
carégruppe und ihre Generatoren. Aufbauend auf eine bestimmte Form von Gesamt-
impuls und Gesamtdrehimpuls ausgedriickt durch kanonische Variablen (d.h. den
Generatoren globaler Translationen und Rotationen) kann so der Wirkungszugang
bis zur formalen 3.5PN Ordnung bestétigt werden.

Auf der quadratischen Ordnung im Spin muss die durch Rotation erzeugte Qua-
drupoldeformation beriicksichtigt werden. Diese Deformation ist unterschiedlich grof3
fiir schwarze Locher und diverse Neutronensternmodelle (insbesondere besteht eine
Abhéngigkeit von der Zustandsgleichung). Sowohl der Wirkungszugang als auch
die Konstruktion Ordnung fiir Ordnung kénnen im Prinzip zur Herleitung des ka-
nonischen Formalismus auf héheren Ordnungen im Spin angewendet werden. Die
Spin(1)-Spin(1) Wechselwirkung wurde auf der ersten Ordnung nach der fithrenden
(next-to-leading order, NLO) behandelt.

Resultate fir die Hamiltonfunktionen der NLO Spin-Bahn, NLO Spin(1)-Spin(2)
und NLO Spin(1)-Spin(1) Wechselwirkungen eines Binérsystems wurden gewonnen,
wobei die letzten beiden neu sind. Die Hamiltonfunktion fiir ein Binérsystem aus
Objekten mit maximalem Spin ist nun bis zur 3PN Ordnung bekannt.

1 _Kanonische Formulierung des Eigendrehimpulses in der Allgemeinen Relativitéitstheorie®
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1. Introduction

Though general relativity has seen and passed many experimental tests, one of its
most fascinating predictions, namely gravitational waves, has not been observed di-
rectly. However, observations of certain binary pulsar signals are in good agreement
with the energy loss predicted by general relativity due to gravitational waves, see,
e.g., [1]. This indirect observation of gravitational waves originates from Hulse and
Taylor (first found for the binary pulsar PSR B1913+4-16) and was awarded the Nobel
Prize in 1993. Nowadays there is less doubt that gravitational waves exist, and one
aims at a direct observation with assiduous efforts, both by experiments on Earth,
e.g., LIGO, VIRGO, GEO 600, and by the future space mission LISA [2]. The direct
measurement of gravitational waves is not only interesting, but would furthermore
open up an entirely new spectrum for astronomical observations. Such gravitational
wave astronomy is expected to have great impact on astrophysics and fundamental
physics [2], possibly starting a new era in these fields.

Beside the experimental challenge of measuring extraordinarily small relative
changes in length (< 102! detectable by now) there are important problems to
be solved on the theoretical side in order to successfully establish the new field of
gravitational wave astronomy. The theoretical challenge lies within the area of data
analysis, for both the noise dominated [3] and signal dominated [4] cases. An ac-
curate understanding and knowledge of the expected gravitational wave signals is a
key ingredient to allow faithful astronomical or astrophysical statements from the
data analysis process. An appealing source for gravitational waves is the inspiral
and merger of two compact objects, like black holes and neutron stars. The advan-
tage of this kind of source is its quite periodic behavior, which can be studied over
long periods of time. However, minute changes in frequency and amplitude of the
gravitational waves need to be predicted in an accurate way. While fully numerical
methods are ideal to study the very late inspiral (or plunge) and merger phases of
compact objects, the post-Newtonian approximation to general relativity provides
a good analytic handle on the inspiral phase and can give accurate predictions over
many orbits. The post-Newtonian approximation was pushed to high orders for
nonspinning objects, see, e.g., [5], and it is desirable to catch up to these orders for
the spinning case.

A successful and efficient way to calculate the conservative part of the dynamics
of two compact objects within the post-Newtonian approximation is based on the
canonical formalism of Arnowitt, Deser, and Misner (ADM). However, this formal-
ism has been coupled so far to nonspinning point-like objects only. The main goal
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of the present thesis is to extend this coupling to spinning objects. Not only this
is useful for subsequent applications, but an interesting problem as such (though
rather mathematical). To linear order in spin the problem is solved using an ac-
tion approach, similar to a treatment of spin—% Dirac fields coupled to gravity given
by Kibble [6]. Further, an order-by-order construction of the canonical formalism
with spin is given as a check. This construction is based on consistency conditions
on the formalism. In particular it is sufficient to rely on a certain form of total
linear and angular momentum expressed in terms of canonical variables in order
to reproduce the result of the action approach to next-to-next-to-leading order in
the post-Newtonian approximation. The assumed form of total linear and angu-
lar momentum, i.e., the generators of translations and rotations, guarantees that a
great part of the global Poincaré algebra is fulfilled. The connection to the action
approach is given by Noether’s theorem on conserved quantities.

Higher orders in spin correspond to quadrupole and even higher multipole correc-
tions. Both the action approach and an order-by-order construction are in principle
applicable to canonical formulations at higher orders in spin. However, only the
next-to-leading order spin(1)-spin(1) level will be tackled here. This requires a
modeling of the spin-induced quadrupole deformation, described by a single param-
eter for each object. This parameter is not only distinct for black holes and neutron
stars, for the latter kind of object it also depends on the assumed equation of state
or on other details of a particular theoretical neutron star model. If gravitational
wave astronomy becomes available with a high enough precision in the future, one
may hope to measure this (and maybe other) neutron star parameter.

The results obtained here within the post-Newtonian approximation cover the
next-to-leading order spin(1)-spin(2) and spin(1)-spin(1) conservative Hamiltonians.
The conservative next-to-leading order spin-orbit Hamiltonian was reproduced. For
maximally rotating bodies all Hamiltonians up to and including the third post-
Newtonian order are now known. A maximal rotating body is defined to have a
dimensionless spin (i.e., rescaled by the mass of the object and identical to the
dimensionless Kerr parameter for black holes) of value one, corresponding to an
extremal Kerr black hole. Notice that millisecond pulsars (or neutron stars) and
black holes can easily have dimensionless spins bigger than % (a rough approxima-
tion for the sun yields % [7]). Thus spins close to maximal ones are expected to be
astrophysically relevant. In this case the next-to-leading order spin Hamiltonians
obtained here are needed for an accurate description of the dynamics during the
inspiral phase. It was found recently in [8] that spin effects as such and in partic-
ular the orientations of the spins have a big impact on the event rates expected in
detectors, especially when spins are close to maximum.

If the fourth post-Newtonian order Hamiltonian for nonspinning objects could be
obtained in the future, the spin Hamiltonians calculated here would be applicable
to an even larger class of binaries (with smaller spins). Notice that the effective one-
body approach for nonspinning objects, see, e.g., [9], is able to cover such higher
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post-Newtonian orders by calibration to numerical relativity and further provides
predictions for the full waveforms, including merger and ringdown phases. An ex-
tension of the effective one-body approach to spinning objects is possible [10]. Sub-
sequent implementation of higher order spin Hamiltonians seems to be interesting,
and was already performed for the next-to-leading order spin-orbit Hamiltonian [11].

Now the organization of the present thesis is given, with references to relevant
published work of the author for certain chapters (for a short review see also [12]).
In chapter 2 spinning objects in special and general relativity are reviewed. Further,
an overview of canonical formulations of general relativity is given, with emphasis
on the ADM formalism and coupling to nonspinning objects. In chapter 3 the action
approach to the canonical formulation of self-gravitating spinning objects to linear
order in spin is performed [13]. An order-by-order construction based on consistency
considerations is performed to next-to-next-to-leading order in chapter 4 [14, 15] as
a check. In chapter 5 first general quadrupole corrections to the equations of motion
and the stress-energy tensor are given [16] and then used to extend the canonical
formalism to spin-induced quadrupole deformation at next-to-leading order [17-19].
As an application of the formalism, conservative Hamiltonians at next-to-leading
order are derived in chapter 6. These are the spin-orbit [14] (derived earlier by
Damour, Jaranowski, and Schéfer), spin(1)-spin(2) [20], and spin(1)-spin(1) Hamil-
tonians, the latter was first derived for black holes [17, 18] and later for compact
objects in general (including neutron stars) [19]. Finally, conclusions and outlook
are given in chapter 7.

Lower case Latin indices from the beginning of the alphabet (a, b, ...) label the
individual spinning objects and then consequently take on values from one to the
number of objects. Three different frames are utilized in this thesis, denoted by
different indices. Greek indices («, p, ...) refer to the coordinate frame, upper
case Latin indices from the middle of the alphabet (I, J, ...) belong to a local
Lorentz frame, and upper case Latin indices from the beginning of the alphabet (A,
B, ...) denote the so called body-fixed Lorentz frame. Lower case Latin indices
from the middle of the alphabet (i, j, ...) are used for the spatial part of the
mentioned frames and are running through ¢« = 1,2,3. In order to distinguish the
three frames when splitting them into spatial and time part, we write a = (0), ()
for Lorentz indices (or a = (0), (1), (2), (3) in more detail), A = [0], [¢] for the body-
fixed frame, and p = 0,7 for the coordinate frame. Indices appearing twice in a
product are implicitly summed over its index range, except for label indices of the
objects. Round and square brackets are also used for index symmetrization and
antisymmetrization, respectively, e.g., A" = %(A’“’ + A”H). Partial derivatives are
denoted by 0, or by a comma as an index . Similarly, the 4-dimensional covariant
derivative is written as |, and the induced 3-dimensional one as ;. A 3-dimensional
vector is also written in boldface, e.g., x. The signature of spacetime is taken to be
+2. Units are such that the speed of light ¢ and the gravitational constant G are
equal to one. Other symbols are defined in this thesis on their first occurrence. For

10
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convenience also a summary of defined symbols is given in the appendix.

11



2. Preliminaries

This chapter gives a short review of the achievements regarding spin in the theory of
relativity as well as the canonical formulation of general relativity. Emphasis is put
on the problems to be solved if one aims at a canonical formulation of self-gravitating
spinning objects in the pole-dipole approximation.

2.1. Spin in Special Relativity

Spin already has very interesting properties in special relativity. Its canonical struc-
ture is obtained here as a consequence of the Poincaré algebra by introducing the
spin as a specific part of the total angular momentum.

2.1.1. Center, Spin, and Mass Dipole

The 4-dimensional total linear momentum P* and total angular momentum J#* =
—J"" of a physical system are conserved quantities due to Poincaré invariance. The
4-dimensional total spin tensor S*” can then be defined by

JH = ZPPY — PRZY 4 S (2.1)

That is, spin is the difference of total angular momentum and its orbital part.
However, a different choice for the yet arbitrary center Z* of the system will result in
a different spin S* (with J*” being unchanged). This just expresses the dependence
of angular momenta on the choice of a reference point. Separating time and space
components

JI=7"P—PZ +87, J'=Z7'E-Pt+5°, (2.2)
one infers that the spin transforms as
SU 5 S 4 §7'PT — Pi§ZI, 80— S04 67E, (2.3)

under a change of the center Z* — Z' — §Z'. E = PV is the total energy and t = Z°
the time coordinate. Notice that J® is the total mass dipole of the system at ¢t = 0
relative to the coordinate origin, so (2.2) tells us that S is the mass dipole relative
to the center Z'. This explains the transformation property (2.3). One may also

12



2.1. Spin in Special Relativity

fast & heavy

Figure 2.1: If a spinning spherical symmetric ob-
ject moves with a velocity V' to the left, its
upper hemisphere moves faster with respect
to the reference system than its lower hemi-
sphere. Thus the upper hemisphere has a
higher relativistic mass than the lower one —

slow & light the object acquires a mass dipole EAZ". [22]

describe the 3-dimensional spin S¥ as the flow dipole and S*¥ as the 4-dimensional
dipole moment of the system relative to the center Z°.

By its definition (2.1), S transforms as a tensor under Lorentz boosts, with
interesting consequences. In classical mechanics the center of mass, i.e., the center
for which the mass dipole vanishes, is independent of the reference frame. In special
relativity such a center can in general not be found. Under a Lorentz boost all
components of S* transform, so if the mass dipole S vanishes in one reference
frame, it will only be zero in all others if the system has no spin, S* = 0. A
nice graphic interpretation is given by figure 2.1. Notice that a spinning system in
special relativity has a minimal extension of the order S/M orthogonal to the axis
of rotation [21, 22]. Here S is the spin length, 25% = S$*S,,,, and M is the rest mass
of the system, M? = —P¥P,. In general relativity, S/M is the radius coordinate of
the ring singularity of Kerr spacetime [23].

However, by virtue of (2.3) one can always choose the center Z¢ such that the
mass dipole S® vanishes in one specific reference frame characterized by a timelike
vector f,. That is, the center is then the center of mass as observed in this frame.
It holds

S f, =0, (2.4)

which is the so called spin supplementary condition. This condition fixes the cen-
ter and ensures that the spin tensor S* has three independent components only.
Basically three important such conditions can be found in the literature [22, 24],

fu=P,, or SHpP,=0, (2.5)
fu=—00, or SH0 =0, (2.6)
fu=P,— M., or SHp, — MSH =0. (2.7)

In the following, we will indicate center and spin belonging to the second condition
21, 24] by a tilde, Z and S#, a hat relates to the third condition [24, 25], Z' and
5'“”, while center and spin of the first condition [26] are just denoted by Z* and S*.
We call Z¢ the center of inertia, Z¢ the center of mass, and Z' the center of spin
[22]. Notice that the first condition is manifestly covariant, and is called covariant

13



2. Preliminaries

spin supplementary condition here. A different covariant condition is discussed in
section 2.2. The third condition is called canonical spin supplementary condition,
which will be explained in the following.

2.1.2. Poincaré Algebra

The Poincaré group is one of the most important groups in physics. Its generators
P" and J* obey the Poisson bracket realization of the well-known Poincaré algebra

{P*,P"} =0, {P",J?} = =’ P? + 7 P? (2.8)
{JH JP7} = PP JHT e VT TR P — g PR (2.9)
where 7 is the Minkowski metric. Splitting space and time one gets, see, e.g, [27],

(2.10)
{Ji7Pj} = €ijkPk7 {Jz‘, Jj} = Eiijka {Jian} = €¢jka7 {Gz‘, Gj} = _Eiijka
(2.11)

with the total angular momentum vector J; = %eiijjk and the 3-dimensional Levi-
Civita symbol €. The boost vector J* has an explicit dependence on time ¢, which
was split off as

J?=G" - P't. (2.12)
This defines the vector G*, which is related to the spin supplementary condition
SHO = () with center of mass Z' by G = Z'E, cf. (2.2).

Notice that in general relativity total linear and angular momentum can be defined
for asymptotically flat spacetimes as global quantities by certain surface integrals.
In this case all considerations of this and the following section remain valid in full
general relativity, see section 4.1.3.

2.1.3. Canonical Structure

Using Z! = G'/E, S;; = Ji; — Z'P; + P,Z7 and the Poincaré algebra (2.10, 2.11),
the Poisson brackets between P;, Z' , and S;; follow as

> Si 5 Sij 55 P,Sy;  P;Sy
{2 Py =0y, 2.2} =——73, {Sij,Z’“}:E—Q“rjE—Q, (2.13)
{Sij, Skt = PriSjt — PrjSi — PuSj + PiiSi (2.14)
all other zero, where
P P; _ P, P;
Pi =05 === Py =d0i+35 (2.15)

14



2.2. Spin in General Relativity

and ¢;; is the Kronecker symbol.
Now we proceed to the canonical spin supplementary condition (2.7), which can

be written as (E + M)S® = S P;. From (2.3) and S = 0 we get
S PuSi

70— 7' =67 = — = = 2.16
E _ EE+M) (2.16)
Having 67¢, Eq. (2.3) relates S¥ and S by
- e P; Py Sh; P,P,S;

E(E+ M) E[E+M)’
Contraction with P; leads to EPiSZ-j =M PiS’ij. Finally, in terms of S’ij one has
PySki ; PiPSy; P;PSii

Zi=7 4 kR Si':Si‘ — . 2.18
TuEaa T T e e+ B

The Poisson brackets (2.13, 2.14) transform into!
{(Z',P;} = by, {Sij, Sk} = 0Si — 0650 — 6uS;k + 65, (2.19)

all other zero. Thus Zi, P;, and S”Z-j are canonical variables. This realization is due
to Pryce [24, 28]. Newton and Wigner further showed that Z' is the only center
with this property [25].

Similarly, we can proceed to the covariant spin supplementary condition (2.5) by

; P Si; A Pipkgkzj Pjpkgkzi
Zi=7 Sii =Sy - , 2.20
M(E + M)’ i =St Eran B+ 220
and find the Poisson brackets,
{Z 7Z‘7} == Pikpjl_Mz y {Sij, Zk} = MZJ (PmSnk + PnSkm) s (221)

{Zi, Pj} = 51']' 5 {SZ']', Skl} — 73,;»15}1 - ,P];jlsil - Plzlsj‘k; + 'Pl;lSik 5 (222)

all other zero.

To conclude, there are several possibilities for spin supplementary conditions and
centers, however, only (2.7) leads to canonical variables, (2.19). This is an important
fact for a canonical formulation of spin in general relativity.

2.2. Spin in General Relativity

It is well-known that spin in general relativity leads to certain gravitomagnetic
effects, see, e.g., [29]. In this section the pole-dipole approximation for compact
objects is introduced, providing an analytic description of spin in general relativity.

! Notice that Poisson brackets with M were calculated according to its definition M? = E?— P, P;.

15



2. Preliminaries

2.2.1. Gravitational Skeleton

In electrostatics, the multipole approximation of a charge density p,

. 1 ..
p(x) = <q —q'0; + aq”@iaj — .. ) d(x), (2.23)

can be obtained from a Taylor series of its Fourier transform in the form
) 1 .
p(k) = (q +iq'k; + 5¢2qlﬂkikj - ) (2m)~3/2, (2.24)

by the well-known transition formulas for the Dirac delta distribution d(x) <>
(27r)73/2 and partial coordinate derivative 9; <+ —ik;. Here x = (2°) are the spatial
coordinates and k = (k;) the corresponding ones in Fourier space. The quantities
q, ¢, and ¢¥ are the electric monopole, dipole, and quadrupole. The potential ¢
follows as

4 1 .. 1
qb = —47TA_1p = (q — qz& + Eq”&@j — .. ) W s (225)
! X
where A = 0;0; is the Laplacian and A~! its inverse operator (with the usual

boundary conditions). In most textbooks, the multipole approximation is derived
directly for the potential or the field. Notice that the multipole approximation
breaks down at high values of k, i.e., in the ultraviolet, or at small values of x in
the potential. This is the reason for the divergent self-energy of the approximated
charge density (2.23).

Now the multipole approximation is applied to the stress-energy tensor T*”. As
it is desirable to have a manifestly covariant approximation scheme, we write

v v ra 1 ra
V—gT* Z/dflt“ Oy — (¢ 5(4>)||a+5(t“ 8y — - | - (2.26)

Here 7 is the proper time of a representative worldline z°(7), g the determinant
of the 4-dimensional metric g,,, du) = 0(z” — 2°(7)), and t* are 4-dimensional
covariant multipole moments. If one performs the 7 integration in (2.26) by elimi-
nating the time part of 6.4y and writes the covariant derivatives as partial derivatives
and Christoffel symbols, then (2.26) indeed takes on the form of (2.23). Equation
(2.26) in substance is Mathisson’s gravitational skeleton [30], but in the form given
by W.M. Tulczyjew [31]. Interestingly enough Mathisson unknowably used a test-
function formulation of the delta distribution, years before this formulation was used
by Laurent Schwartz for his mathematically rigorous Théorie des Distributions [32].

The divergent self-interactions already present in electrostatics become more se-
vere if the field equations are nonlinear. If the distributional stress-energy tensor
(2.26) is used as a source for a nonlinear field equation, products of distributions will

16



2.2. Spin in General Relativity

appear, which lack a mathematical definition. However, this problem can be over-
come, as in quantum field theory, by a regularization and renormalization program.
In particular, dimensional regularization [33] is most useful for theories involving
gauge freedoms, like general relativity. Dimensional regularization has been em-
ployed successfully in post-Newtonian calculations [34-36] to a high order of nonlin-
earity. However, many treatments of multipole approximations in general relativity
avoid these problems by considering (2.26) for test bodies only, which by definition
are neglected as a source of the gravitational field.

The relation between source multipoles related to T"” used here and field mul-
tipoles [37] was considered in [38]. Ounly for linear theories like electrostatics this
relation is straightforward.

2.2.2. Pole-Dipole Approximation
The stress-energy tensor (2.26) must fulfill

"), = 0. (2.27)

This corresponds to Mathisson’s variational equations of mechanics [30] and imposes
certain conditions on the multipole moments. In the pole-dipole approximation only
monopole t** and dipole t*** are kept in (2.26). Evaluating (2.27) one sees that t*”
and t""“ can be expressed in terms of a vector p* and an antisymmetric tensor S*¥,
which have to fulfill the dynamic equations

Ds# Dp 1
_ 1, V] R 1) Lo
i 2p*tutt, 4 = QRWB@UPS , (2.28)
with u# = %, D the 4-dimensional covariant differential, and R;(;lp)ﬁa the 4-dimen-
sional Riemann tensor defined by
4 v
AullaB — Aul|Ba = R(W)aﬁa ) (2.29)
for an arbitrary a,. The stress-energy tensor can be written as
[ZgTH = /dT {u(upu)(gw _ (Sa(HuV)§(4)>Ha . (2.30)

pt and S* are the linear momentum and spin of the object and now play the role
of monopole and dipole moment. Their equations of motion were already derived
by Mathisson [30] within his manifestly covariant formalism, albeit restricted to a
specific spin supplementary condition. In the general form (2.28) they were first
given by Papapetrou [39], however, his method was not manifestly covariant. W. M.
Tulezyjew gave a derivation of (2.28) as well as of the stress-energy tensor (2.30) in
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2. Preliminaries

a manifestly covariant way [31], using essentially Mathisson’s method. Further im-
portant rederivations have been performed in [40, 41]. Higher multipole corrections
will be discussed in section 5.1.

Obviously a spinning object in general relativity does not follow a geodesic. For
test bodies this effect can be studied numerically, see, e.g., [42, 43]. Further, without
giving a relation between p* and u*, the system of equations (2.28) is not closed.

2.2.3. Spin Supplementary Condition

A spin supplementary condition (2.4) must be preserved in time. Using (2.28) this
leads to a relation between p* and u* [44],

1

Df,
po— R N tid
P o < fup"ut + S 17 ) : (2.31)

and thus, for a suitable f,, closes the system of equations (2.28). A good spin
supplementary condition is the covariant one,

SHp, =0, (2.32)

or f, = pu, which has been suggested in the context of general relativity in [31].
Indeed, this condition guarantees existence and uniqueness of a corresponding world-
line z°(7) [45]. The mass quantity m, p,p* = —m?, and the spin length S, 25% =
S, SH, are conserved for this condition. A covariant condition has the advantage
that the relation between p# and w* (2.31) is manifestly covariant. However, also
the noncovariant condition S = 0 was applied in general relativity [46].

A different covariant condition is given by

S, =0, (2.33)

or f, = u,, which was used in both special [47] and general relativity [30, 48].
While there are no serious objections to use this condition, as it closes the system of
equations (2.28), it has some features which are usually not wanted. The condition
(2.33) does not uniquely specify a worldline. Instead, the worldline depends on the
choice of initial conditions and in general performs a kind of classical Zitterbewegung
around the worldline defined by (2.32), see [31, 43]. As quadrupole corrections
are needed to describe a black hole at the quadratic level in spin [37], we will
only consider the pole-dipole approximation at linear order in spin here. Then the
conditions (2.32) and (2.33) are fully equivalent and it holds p, = mu,,.
As a generalization of the canonical spin supplementary condition (2.7) to general
relativity one could take
SHp, +mS"™n, =0, (2.34)

with some timelike unit vector n,. However, it needs to be proven if or under which
conditions (2.34) leads to canonical variables.
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2.3. Canonical Formulation of General Relativity

Finally, contraction of the first relation in (2.28) with u, leads to the well-known
formula

D(S*
(")
dr

This relation, however, does not close the system of equations (2.28), it just is a

component of (2.28).

= —u,p’ut — (2.35)

2.3. Canonical Formulation of General Relativity

In this section the canonical formalism of ADM [49, 50] is introduced. Possible
couplings to matter are reviewed, and point-masses are treated in detail. Finally
alternatives to the ADM approach are discussed.

2.3.1. The ADM Formalism

The Einstein-Hilbert action of general relativity Wy is given by a spacetime integral
over the Lagrangian density L as

1
WG[guu] = /d4.’13 ﬁG, ,CG = 16_71'\/ —gR(4) s (236)

where R™ is the 4-dimensional Ricci scalar. Alternatively the action can be varied
with respect to the tetrad field e;, instead of g, see section 3.1.3. In order to find a
canonical form of this action it is convenient to perform a splitting of spacetime into
a stack of 3-dimensional hypersurfaces with constant time coordinate ¢. In these

coordinates the unit normal vector n#, n,n* = —1, of the hypersurfaces has the
components
1 ,
n, =(—N,0,0,0), or nf= N(l’ —N*), (2.37)

where N is the lapse function and N? the shift vector. With the help of the projector?
0 0
T T g

=g +nn—<0fyw), (2.38)

this splitting can be constructed in a geometrical way, see, e.g., [51]. The 3-
dimensional hypersurfaces have an induced metric g;; = 7;;, with v7% = §;;, a
Riemann tensor R;ji;, a Ricci tensor R;;, and a Ricci scalar R. These quantities are
intrinsic geometric objects of the hypersurfaces, whereas the extrinsic curvature

1
_ k
Kij = =ngyy = 537 (=750 + 2N%a0) (2.39)
2Notice that 0 = n, Y = —N~% and thus % = 0 for our choice of the time coordinate.
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depends on their embedding in spacetime.
Applying this splitting of spacetime to the Lagrangian density Lq leads to

1 - -

Lo = 1-NV7 [R+ Ki KV — (4 KV)?] + (td) (2.40)
where (td) denotes a total divergence, which is neglected for now. Instead of varying
with respect to the ten independent components of g,,,, we now use 7;;, N, and N*.
Notice that no time derivatives of N and N appear. In order to obtain a canonical
formulation we have to introduce the field momentum

0Lq

7 = 167
3%’,0

= /7Y = y* N Ky (2.41)

where (2.39) was used. This can be inverted as

1
Ki; = _(%‘ﬂkl - Q%Wﬂ)ﬂkl- (2.42)

27

The Legendre transformed Lagrangian density then reads

1 . <
Lo = 75"V~ NS Nigyfield 4 (q) | (2.43)
field _ _ 1 YR — iyt it 4+ 1 (7..7#]')2 o field ify-wjk
167y N 2+ ’ Lo g
(2.44)

and the action is additionally varied with respect to 7% now. Notice that N and
N play the role of Lagrange multipliers after Legendre transformation, the corre-
sponding constraints are the vanishing of Hld and #feld,

A subsequent gauge fixing is subtle as it requires a fine-tuning of the action, see,
e.g., [52]. As shown in [50, 53, 54] by different methods, see also [55], one must
replace the total divergence in (2.43) by —wﬁgm for asymptotically flat spacetimes,
where & = 7,;; — 7;j:- This is related to the total energy £ of asymptotically flat
spacetimes by .

2

E = T6m d®s;&; (2.45)
where § d?s; denotes an integral over the asymptotic boundary of a spatial hyper-
surfaces at fixed time. This ADM energy will turn out to be the generator of time
evolution after gauge fixing. For further discussion of boundary terms in the action
of general relativity, also for the case of not asymptotically flat spacetimes, see, e.g.,
[56]. However, for asymptotically flat spacetimes the gravitational Hamiltonian may
be written as

HG = /dsl’ (NHﬁeld - Ni/]'[?eld) + E[’}/w] . (246)
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2.3. Canonical Formulation of General Relativity

Indeed, the action has the canonical structure momentum 7% times velocity 7;;0
minus Hamiltonian Hg. Variation thus results in Hamilton’s equations
87?17 (SHG 8’yw (SHG

= —16 = {rY H, =16 — = {v;i, H, 2.47
at 71-6’}/” {ﬂ- ) G}? at 7T(57T” {7]7 G}7 ( )

where 0 denotes the variational derivative here and the equal-time Poisson brackets
are given by
{7i5(x), T (x')} = 16m64:0;,0(x — x') . (2.48)

Before gauge fixing, the surface term F has no impact on these field equations, which
could be obtained from local variations®. As further explained in section 2.3.3, the
gauge fixing is accompanied with solving the constraints Hd = 0 and #Hield = 0,
so Hg then turns into the ADM energy E. To make this more concrete, we choose
the ADM transverse-traceless gauge conditions

9;(vij — 37mk0i;) =0, 7w =0, (2.49)
in which the transverse-traceless decomposition of v;; and 7% may be written as
4
_ ¢ TT
=7 4 a (2.51)

ijTT TT

where h;ro and 7 are transverse-traceless, e.g, hil = h;;; = 0, and the longitu-

dinal 7 is related to a vector potential 7* = A~'7"; by

. , , 1 1
T = 7~T’L’j + ’ﬁ'j’i - §5¢j7~rk7k - éA_lﬁ-k,ijk . (252)

The advantage of this gauge is that in (2.50) there is a trace term but no longitudinal
part related to a vector potential, while in (2.51) it is the other way around. Because
of the orthogonality of the individual parts of the transverse-traceless decomposition,
the kinetic term 7/v;; 9 in the action turns into 7T"h ;. Then only the transverse-
traceless parts remain dynamical variables. Now the four field constraints can be
solved for the four nondynamical variables ¢ and 7 in terms of h;S»T and 71T,
An analytic solution for ¢ and 7, however, can in general only be given in some
approximation scheme. Notice that ADM introduced two slightly different gauges
[50], the one used here was actually seldom used by ADM themselfes. However,
the gauge used here is better for applications, as the form of the trace term in
(2.50) is adapted to the Schwarzschild metric in isotropic coordinates (with obvious
advantages for perturbative expansions). The action turns into

. 1 .
WelplT 7™ = / d4g ITTRIT / dt Hap (2.53)

R 167 i,0

3However, one should not constrain to local variations for asymptotically flat spacetimes [54].
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where the ADM Hamiltonian Hapy is just the ADM energy E expressed in terms

of the gauge-reduced canonical variables hiTjT and 79TT,
. 1 .
_ TT _ijTT] _ 3 TT _ijTT
Haow = B[RET, 77T =~ /d £ AGIRET, 7T (2.54)

Notice that the surface integral (2.45) was written as a volume integral now and the
asymptotic behavior of ¢ was used. The action must be varied only with respect
to the independent components of hj;" and 7™", which is ensured with the help of
the transverse-traceless projector

(5;5“1 = 2[00 — AT'0:0,) (05 — AT'0;00) + (04 — AT0;0) (050 — A7 0;0)

2.55
— (O — AT 0D (6 — AT10:0)] . (259)

The Poisson brackets after gauge fixing correspondingly read
{h" (x), 7T (X))} = 1670, Mo (x — X)) . (2.56)

2.3.2. Matter Couplings

Point-masses are the simplest kind of matter that can be coupled to general relativ-
ity. Its contribution to the action is just

Watlgyw, 2] = /dT L, Ly = —my/ —gu(2P)uru” . (2.57)

This action is invariant under a change of the parameter 7, which simplifies the

variation as no constraint of the form u,u” = —1 is needed. m is assumed to be a
constant. Variation of the action leads to the equations of motion
D uH
— | —| =0. (2.58)
dr [ /—u,u?

These equations only have a unique solution if a gauge for 7 is chosen. The Einstein
field equations now have a source T+,

OWr
8Gu

nv

1
Ry — 59" Ry =87, with /—gT" =2 (2.59)

and Rf the 4-dimensional Ricci tensor. The singular stress-energy tensor density
reads explicitly

(Bgv)
y mu'‘fu
V —gT/J' = dT\/ﬁ (4) - (260)
P
The 4-dimensional momentum is introduced as
L
Oy _ . (2.61)

Pu= OuH VAT
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2.3. Canonical Formulation of General Relativity

It obviously holds*

Ly = S ut = puut. (2.62)
Thus a Legendre transformation leads to a vanishing canonical (i.e., defined as usual)
Hamiltonian. Its place is taken by the mass-shell constraint

pup" +m* =0, (2.63)

which has to be added to the action via a Lagrange multiplier A(7), as further
explained in the next section. This constraint is a consequence of the inability
to express w, uniquely in terms of p,, which in turn is due to invariance under
reparametrization, or gauging, of 7. Indeed, it is a common feature of reparametriza-
tion invariant actions that the canonical Hamiltonian vanishes and the time evolu-
tion is instead generated by certain constraints. As seen in the last section this also
holds for general relativity, whose action is invariant under reparametrizations of
spacetime, or general coordinate transformations.
Up to now the matter action was transformed into®

WM[Q#W Z“7pu> /\] = /dT (p,uuu - HMT) ) Hyr = )‘(g“ypﬂpl/ + m2) . (2'64)

Notice that the Hamiltonian Hj;, generates an evolution with respect to the ar-
bitrary parameter 7. Further the variation dp, leads to u, = 2Ap, and from the
mass-shell constraint (2.63) one thus has A\ = ﬁ\/TMu“ It may be checked that
the equations of motion for p, and the stress-energy tensor are equivalent to the ones
above, which justifies the Legendre transformation in the presence of constraints.
More on constrained Hamiltonian dynamics is discussed in the next section. By
solving the constraint and applying the gauge choice 7 = 2° = ¢, or u® = 1, the
action is expressed in terms of the independent variables p; and z¢. It holds

po = (7" — non*)pu = goivy’p; + Nnp, (2.65)
where np = n*p,. From the constraint we get

(Y — n*n")pup, +m* =0 = np = —+/m?+yip;p; . (2.66)

Further we have

1 : A
N(g()i — N’g;;) = goi = Yi; N7 . (2.67)

0=mn; =n"g, =

4Due to Euler’s theorem, this actually holds for any Lagrangian which is a homogeneous function
of degree one in the velocity u*. This in turn is required by reparametrization invariance.
5Fields within the matter action are always taken at the position z* from now on.
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Putting all together we arrive at

Wi, N, N' 2% pi] = /dt (piz' — Hyy), Hy = —po=—Nnp—N'p;, (2.68)

where a dot = denotes the total time derivative %. The original Hamiltonian Hy;,
vanishes by virtue of the constraint. Variation of the matter variables z* and p;
results in Hamilton’s equations with Hj; as the matter part of the Hamiltonian.
Thus z* and p; have the Poisson brackets {z*,p;} = d;;, all other zero. As in the last
section, the variables ~,;, 7, N, and N’ are now used for the gravitational field.
The gauge fixing procedure is analogous to the last section, there are just certain

matter corrections to the field constraints following from the N- and N’-variations,
H = Hﬁeld + Hmatter _ 0’ Hl = Hlﬁdd + H;natter — 0’ (269)

where
HPT = —np§ = \/m2 +vipip; b, HP = pid (2.70)

with § = d(x — z). The first relation in (2.69) is called the Hamilton constraint,
while the second one is the momentum constraint. The ADM Hamiltonian Hapm
still results from the ADM energy by solving the field constraints using the gauge
conditions (2.50, 2.51), but now also depends on the matter variables z* and p;, which
have entered via source terms of the constraints. All field and matter interaction
terms in the action,

W = L/d‘lac T T RED + /dt {pzzz — HADM} , (2.71)
167 S

are contained in the ADM Hamiltonian, or the ADM energy. This is a unique

feature of general relativity, and still holds for couplings to other matter and even

other fields [53].

Finally we review the most important couplings of matter and fields to gravity that
have received a canonical formulation, see also [57]. Besides for point-masses [50, 58],
such canonical formulations were found for fluids [59], massive scalar fields [55, 60],
spin—% Dirac fields [6, 61-64], and gauge spin-1 fields, including Maxwell [60, 65] and
Yang-Mills [66]. Problematic from a canonical point of view are derivative-coupled
theories [57], like Dirac fields and also pole-dipole objects. It is thus fortunate that
the sought-for canonical formulation of pole-dipole objects will be seen to resemble to
Dirac fields coupled to gravity, for which a canonical formulation was found. Though
the classical spin of pole-dipole objects is not restricted in its size, we consider pole-
dipole objects only at linear order in spin here. This means the spin is treated as
an infinitesimal quantity and thus formally takes on the smallest (nonzero) classical
value, which seems to give rise to similarities to the minimal (nonzero) quantized

1

spin 5 of Dirac fields. Thus the achievements on canonical formulations of Dirac
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2.3. Canonical Formulation of General Relativity

fields coupled to gravity served as a very useful guide here, in particular the paper
of Kibble [6]. However, an additional problem to be solved for spinning objects in
general relativity concerns the canonical spin supplementary condition. So far the
canonical formulation of spinning objects was found for test-bodies in an external
gravitational field [67], see also the very recent work in [44].

2.3.3. Other Formalisms and Constrained Hamiltonian Dynamics

Before gauge fixing, general relativity possesses a canonical formulation in the pres-
ence of the constraints H = 0 and H; = 0. There exists a general framework to
handle such a constrained Hamiltonian dynamics, which was developed most notably
by Dirac as a general route to canonical quantization [68], see also [52, 69, 70]. Fur-
ther important work was done by Bergmann and his collaborators, but focused on
general relativity and its canonical quantization [71]. Though Dirac also considered
the canonical formulation of general relativity [72], his approach is formulated in a
very general way. Early work on this subject can even be traced back to Rosenfeld
[73]; for a historical review, see, e.g, [74, 75]. A particular important achievement of
ADM for canonical general relativity was the identification of the ADM Energy as
the Hamiltonian after gauge fixing [49, 76]. Yet another canonical treatment of gen-
eral relativity was given by Schwinger [55]. This formulation is similar to the ADM
one, essentially only different variables were used and many more such reformula-
tions are possible. A further very appealing formulation was given by Ashtekar [77],
in whose variables the gravitational constraints considerably simplify, and which
forms the basis of loop quantum gravity, see, e.g., [78].

We will now summarize some of the results of Rosenfeld, Dirac, and Bergmann
on constrained Hamiltonian dynamics. In the last section the mass-shell constraint
(2.63) manifests the inability to uniquely express the velocity u* in terms of the
corresponding momentum p,. The standard route to a Hamiltonian seems to be
impassable in such a situation as the Legendre transformation can not be applied
in its usual way. The solution, however, is simple. The Legendre transformation
may formally be performed as usual if one adds the emerging constraints via La-
grange multipliers to the action. The additional degrees of freedom introduced by
these multipliers correctly parametrize the ambiguity present in the relation between
velocities and momenta. Further, it can be shown that the dynamics of the trans-
formed action is equivalent to the dynamics of the original action. The constraints
arising at this stage are entitled as primary and the Hamiltonian is called the to-
tal Hamiltonian (or Dirac Hamiltonian), as it includes the primary constraints via
Lagrange multipliers.

The next step in the analysis of constrained Hamiltonian dynamics consists of
evaluating the consistency requirement that all primary constraints must be pre-
served under the time evolution given by the total Hamiltonian. Of course, some
of the resulting consistency conditions can be identically fulfilled or lead to contra-
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dictions (then the dynamics must be considered as inconsistent). Moreover some
conditions are restrictions for the Lagrange multipliers appearing in the total Hamil-
tonian. Due to linearity of the total Hamiltonian in the Lagrange multipliers, these
restrictions are actually linear equations. Further, one might also obtain new (in-
dependent) constraints from the consistency conditions. Such new constraints are
called secondary constraints. For these new constraints the same consistency re-
quirement applies, and one is eventually lead to further conditions on the Lagrange
multipliers and/or to further secondary constraints and so on. Finally, one ends up
with a complete set of constraints and linear equations for the Lagrange multipliers.

The linear equations for the Lagrange multipliers can be used to eliminate certain
linear combinations of these multipliers from the equations of motion. The usual sit-
uation known from courses on classical mechanics is that all multipliers are uniquely
fixed. However, in the general case some combinations of Lagrange multipliers could
remain unfixed and thus remain as arbitrary degrees of freedom in the equations of
motion. The interpretation is that these degrees of freedom are physically irrelevant
and correspond to a gauge freedom of the theory. That is, the corresponding inde-
pendent Lagrange multipliers can be chosen at will, interpreted as choosing a gauge.
Hamiltonian formulations of gauge theories will inevitably involve constraints.

The Lagrange multipliers enter the total Hamiltonian together with the primary
constraints. Instead of characterizing the gauge freedom of a theory by undeter-
mined combinations of Lagrange multipliers, one can give a description in terms of
corresponding primary constraints. For this purpose it is useful to introduce the
notion of first class and second class constraints. First class constraints are defined
to have vanishing Poisson brackets with all other constraints. A constraint that
is not first class is called second class. In addition to being first or second class,
the constraints can still be primary or secondary, and one thus has four categories
of constraints now. An important fact is that the number of independent primary
first class constraints is equal to the number of unfixed Lagrange multipliers in the
equations of motion and thus to the number of gauge degrees of freedom.

Not only the primary first class constraints but also all secondary first class con-
straints are related to gauge symmetries [79, 80] (at least under certain reasonable
conditions), see also [75]. To be more precise, all first class constraints, primary as
well as secondary, appear in the generators of gauge symmetries on phase space. The
algebra of first class constraints is therefore related to the algebra of gauge symmetry
generators of the theory. For general relativity, the algebra of first class constraints
reads [53, 55] (at least for the vacuum case and for coupling to point-masses)

{H), 1)} == [Hi(x)7" (x) + Hi(x' )77 (x)] 050(x — x) (2.72)
{H;(x), H(x)} = — H(x) 0;0(x — X), (2.73)
{H:(x), H;(x')} = — H;(x) ;0(x — x') — H;(x') 0;0(x — x). (2.74)

If one goes to the constraint surface by H = 0 = H,;, then the right-hand sides
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vanish. Thus H and H,; are indeed first class. In order to relate this algebra to
4-dimensional diffeomorphism invariance one should include lapse and shift as well
as corresponding momenta into phase space [79]. It should be noted that though the
total Hamiltonian of general relativity (2.46) is composed of the first class constraints
and looks quite similar to the generator of gauge transformations, the time evolution
given by this Hamiltonian is not just a gauge effect, see, e.g, [81].

One can elaborate more on the distinction between first and second class con-
straints. Obviously one can recombine the whole set of constraints into some equiv-
alent set. We consider the case that such a recombination brings as many constraints
as possible from the second class into the first class. One can then show by a re-
ductio ad absurdum that the matrix cq, = {14, ¥}, where 1, are the constraints
that remain second class after recombination®, is invertible, det(cy;) # 0. The Dirac
bracket {A, B}* between two phase space functions A and B is then defined by

{A, B} ={A, B} = {A ¢a}(c ap{v, B} . (2.75)

This bracket satisfies the laws known from the Poisson bracket. Further, it leads
to the correct equations of motion together with the total Hamiltonian. The Dirac
bracket can thus be used as a substitute for the Poisson bracket. However, whereas
one may use the constraints only after all Poisson brackets were calculated’, the
second class constraints 1, = 0 can be used before an application of the Dirac
bracket without changing the result (e.g., one has {A,1,}* = 0 for all A and v,).
If one restricts to use the Dirac bracket instead of the Poisson bracket, one can use
the second class constraints ¢, = 0 to solve for certain phase space variables and
eliminate them from all quantities. Then one has performed an actual reduction
of the degrees of freedom. Within this formalism, gauge conditions are constraints
added by hand that bring all (or just some) first class constraints into the second
class. The reduction of degrees of freedom via gauge fixing then follows with the
help of the Dirac bracket in a straightforward way.

6The indices a and b label constraints in this section.
"For a more detailed exposition it is useful to introduce the concepts of weak and strong equality.
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In this chapter an extension of the ADM formalism for point-masses to the pole-
dipole approximation is obtained linear in spin. The derivation is based on a corre-
sponding extension of the point-mass action.

3.1. Action of the Spherical Top

It is remarkable that equations of motion (2.28) and stress-energy tensor (2.30) in
the pole-dipole approximation are independent of the specific object, i.e., are the
same for black holes and neutron stars. It is thus expected that any specific action
for a spinning object coupled to general relativity will contain (2.28) and (2.30) to
some approximation (e.g., linear in spin). The pole-dipole action found here will be
based on the simplest spinning object imaginable — the spherical top.

3.1.1. Newtonian Case

The spherical top is well-known in classical mechanics. However, we review it here in
a way that allows an easy transition to the special relativistic treatment in [69, 82].
We consider in this section a top with its center of mass resting at the coordinate
origin. The center of mass motion can be added easily. The top can be described as
a rigid body consisting of many point-masses labeled by an index a, with positions
2! and masses m,. In terms of body-fixed (constant) coordinates 2 it holds Zi(t) =
Ami(t)z([lj], with a time-dependent rotation matrix AV, AMAKG = 5, Here and
in the following we will indicate 3-dimensional indices in the body-fixed coordinate
system by square brackets. The rotation matrix can be expressed in terms of three
independent angle variables, A = Alli(p), @, 3), e.g., the Euler angles. The
antisymmetric! angular velocity tensor is given by Q¥ = AFIARI - A gpherical top is
completely characterized by one moment of inertia 7, it holds 2, maz([li] =1 dij.
The Lagrangian of the free spherical top then reads

o 1 A S B
L(AM], ng) — 5 Zma'é;'é; — ZIQ”Q” = §IQZQ1’ (31)

IThe antisymmetry immediately follows from the time derivative of AFIAF = 0ij-
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where Q' = 2¢;;,Q7" is the usual angular velocity vector. The spin is the generalized
momentum of the angular velocities of the form

oL
Legendre transformation leads to
1 i
L= éSijQ] - H, (3.3)

with the Hamiltonian H (AW, Sij) = ﬁSijSij. This specific Hamiltonian is actually
independent of Al

In order to derive the general Euler-Lagrange equations of the Lagrangian (3.3)
we are not varying the independent angle variables, but instead use 667 = AFigAFI
as independent variations. Notice that 60% is antisymmetric, and thus indeed cor-
responds to three independent variations of the angle variables. The result is

’ o OH . . OH . OH
i AWK — =28 — A wj 97
O = AR =252 Sy = 28l — AN R - AW ST (34)

These are Hamilton’s equations for A¥l7 and Sij. The Poisson brackets fulfill
0A
ot’
for a general quantity A. Comparing with (3.4) we can read off
{A[i]j’ A[k]l} =0, {A[i]j’ S} = A[i]k(;lj _ A[i]l(gkj ’
{Si;, Sk} = 6ieSji — 01Su — 6uSjk + 005 -

A={A H}+ (3.5)

Alternatively one could use canonical variables based on the angle variables,

8L(§0j7 ka)
0p; ’

as in most textbooks. Further, if the Hamiltonian is independent of A7 which will
always be the case in the following, the spin length is a constant and it is possible
to describe each spin by only two independent canonical variables instead of six
contained in S;; and A7 see, e.g., [83, 84]. However, we prefer the variables Sij
and Al here.

3.1.2. Special Relativistic Case

In the relativistic case there are no rigid bodies. However, one can define a top in
a purely mathematical way [69, 82, 85] as a worldline with a Lorentz matrix Ay,
nABAAMAB,, = N, such that Ay, is a pure rotation,

1 0
AMH:( 0 AMj)’ (39)
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3. Action Approach

in some frame defined by f,. (Upper case Latin indices from the beginning of the
alphabet refer to the body-fixed frame and have the values A = [0],[i].) This can
be formulated as

Ao — Ju oa AL
= O N =T (3.10)
It holds
) dA DL (u, 1) OL(uk, )
QW — AA# 1 , S/U/ = 2w, pﬂ = T, (311)

see, e.g, [69] or the next section. The spin supplementary condition belonging to
(3.10) reads
Suwft=0. (3.12)

It will be seen in section 5.2.2 in which sense this belongs to (3.10). Notice that
only three relations of (3.10) are independent, e.g., one could equivalently require
Al f, =0 only. The same holds for (3.12).

There are many ways to implement the conditions (3.10) and (3.12) in an action
approach, see, e.g., [47, 69, 82]. We require here that (3.10) and (3.12) are preserved
under the time evolution given by the action and try to directly construct such an
action. An alternative, rather indirect, approach would be to add the supplementary
conditions to some action with the help of Lagrange multipliers. As well known from
classical mechanics, this modifies the dynamics by constraint forces, which ensure
that the supplementary conditions are preserved in time. However, one should
carefully check the consistency, in particular one should be able to find a solution
for the Lagrange multipliers. Also no further (secondary) constraints should appear,
which would be physically unacceptable (we want to have exactly three independent
rotational degrees of freedom). Finally, the Lagrange multipliers can be eliminated
from the action, leading to a dynamics which preserves the constraints and thus to
the action we try to find directly here.

3.1.3. Minimal Coupling to Gravity

The next logical step is a minimal coupling of the special relativistic spherical top
defined in the last section to gravity. Such a coupling was already treated in [86]
based on the developments in [82]. In [87] even nonminimal couplings leading to
higher multipole corrections were considered®. Notice that [88] is not a further
development of [87], but is a completely different action approach. More recently
yet another approach was given in [89] with focus on an application to the post-
Newtonian approximation.

2This obviously goes beyond a spherical top, however, the formalism stays the same.
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3.1. Action of the Spherical Top

The matter variables A 4, have the problem that they fulfill
AAMAAV = Guv - (313)

That is, A4, is not independent under variation of the metric. For the Dirac field, one
has a similar problem with the gamma matrices v, as it holds v,v, + .7, = 29,
This problem can be overcome by writing A4, = A4/e;, and treating A and the
tetrad field e, as independent variables. From

ANty =mry, ot vy + Yo = 2010, (3.14)

it is obviously now consistent that A4y and 7; are constant under variations of the
tetrad field e7,. We have three bases involved, a body-fixed basis, a local Lorentz
basis (denoted by upper case Latin indices from the middle of the alphabet), and a
coordinate basis. The field equations are obtained by an unconstrained variation of
eru- The metric g,, = ¢ Iuel » as well as the connection are not varied independently.
For the variation of A4; one has to take into account the condition (3.14).

In [86, 87, 89] matter and field degrees of freedom are not clearly separated in the
action. For example, in [87] the equations of motion for the matter variables were
obtained by adding (3.13) as a constraint to the action with the help of Lagrange
multipliers, whereas the field equations were obtained from an unconstrained varia-
tion of A,,. However, we need to separate matter and field degrees of freedom here,
which is essential for the canonical reduction in the next sections.

The covariant angular velocity in the local Lorentz basis can be defined as

DAY dAA7
QY = A, = A,! — AMygw, S (2P | . 3.15
A ar A dr KWy ( ) ( )
Here w,’/ are the Ricci rotation coefficients, erne 5w,’” = —F(Zgu + ef 4 ek, and

F((f,zy = %(gawj + Jovy — Guve) is the 4-dimensional Christoffel symbol of first kind.
Notice that the covariant derivative does not act on indices referring to the body-
fixed frame. The matter action shall be of the general form

Wtler, 2, AM) = / dr Ly (w0, O g (7)) (3.16)

The Lagrangian L), is restricted to depend on the velocities u* and Q* = ej#e ;¥ Q1
only, and not on the “coordinates” z* and A4 directly. This ensures the covariance
of the action. The action shall be invariant under reparametrizations, so u* is not
constrained. If we let the Lagrangian depend on the curvature tensor, we would
include quadrupole corrections, see section 5.2. An important relation is given by
(2¢) in [82] or (9) in [87], which reads here

= 2 Qﬂu -2 av
Jue T 20 E

0 (3.17)
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3. Action Approach

and is a consequence of Lj; being a scalar®. Similar to section 3.1.1, the Euler-
Lagrange equations are obtained with the help of the antisymmetric variations

60" = A 1A e,

D

Dsg"’ I spJ1K HI1J, v J 1J
—— + 207007 — R ) uV 0zt — I (wu'762") — utow,!” . (3.18)
T

T

50 =

The 507/ -variation then leads to

D [GLM} 0Ly

il aL_M P
dr [oQmw | 9Qwe

P _
2 oQve ™ 1

(3.19)

The §z*-variation is subtle as it is not manifestly covariant, see, e.g., the second last
term in (3.18). This is due to the fact that A4 is held constant for the variation
of the worldline dz#, which is not a covariant process (e.g., in contrast to a parallel
transport of A47 to the new worldline). However, using the equations of motion for
A4 (3.19), and the covariance of Ly, (3.17), the result of the dzt-variation reads

dr {auu] = g8

(3.20)

and is manifestly covariant now. Further, by virtue of (3.17) we can write (3.19) as

D [8LM} _ L, Ol (3.21)

dr [0 |~ our
At last, the field equations follow from the dey,-variation as

oWy

1
RV g’WR(4) = 8n1TH | with /—¢T" = ef* 5 ,
€rv

@5

(3.22)

where the left-hand side results from the Einstein-Hilbert part (2.36) and the stress-
energy tensor density /—gT"" reads explicitly

oL oL
V=gT" = / dr lu(“g”)“ au;w5<4) - (289—2459”95%”)5@)) ] : (3.23)
llp

Here the important relation (3.17) was used again and the antisymmetric part

D [ dL oL
V=gT! = / dr [_E (agz—fﬁ) +2 mfp%} g g5 =0, (3.24)

vanishes, see (3.19). Indeed, (3.19) is equivalent to 71" = 0.

3Loosely speaking, one can read (3.17) as “the number of upper indices minus the number of lower
indices in Ly is zero.” This is derived in [87] from an infinitesimal coordinate transformation.
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3.1. Action of the Spherical Top

Comparing (2.28) and (2.30) with (3.20), (3.21), and (3.23) we get

oL oL
Sy = 28Ti”y . pu= 8—1;:[ : (3.25)
as in the special relativistic case. It should be noted that the given derivation
basically follows along the lines of Bailey and Israel [87], but the used variables
are similar to Porto [89], which resembles to [69]. However, the variables that
are varied here differ from both [87] and [89]. The relation between p, and u, is
fixed by (3.25), which means that the action already implements a specific spin
supplementary condition, cf. Eq. (2.31). If this would not be the case, then (3.25)
should be of the form (2.35), which is impossible due to the assumed absence of
accelerations in the action. The approach in [82, 86] includes accelerations of the
worldline coordinate. Further, a noncovariant supplementary condition (e.g., the
canonical one) will result in a not manifestly covariant relation between p, and
uy, (3.25), and thus one needs a not manifestly covariant action. An approach via
Lagrange multipliers as discussed in section 3.1.2 seems to be better when using
such conditions from the start. Here we will start with the covariant supplementary
conditions and go over to the canonical ones later by a change of variables.
Now we have to find a suitable reparametrization-invariant Lagrangian. An intu-
itive guess is (see section 5.2 for more elaborated considerations)

1 I }
LM = Tp’up [mouuu” + ZQHVQM :| s (326)

where mg and [ shall be constants. Then it holds

I

u

1
Sy = —H = — S, 5" | —£— 3.27
e (m°+41“ ) w0 (3:27)
and the dynamical mass m = /—p,p” is given by
1 C\(,B

or m = myg to linear order in spin. Then (3.27) agrees with (2.31) for f, = p,
at linear order in spin, which implies that the corresponding spin supplementary
condition (3.12) is preserved in time. (3.10) only needs to be preserved to zeroth
order in spin, which is also the case (see also section 5.2.2). Due to reparametrization
invariance, Lj; must be a homogeneous function of degree one in the velocities and
Euler’s theorem leads to

0Ly, OLy
N éhwu +8QW’

A Legendre transformation in u* and Q" thus leads to a vanishing result. Further,
the mass-shell constraint (2.63) follows from (3.27), but no constraint on S, arises

1
LM QH = puu“ + QS”VQ”V . (329)
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3. Action Approach

from (3.27) as opposed to [69]. (Indeed, in [69] the action was constructed such that
the constraint (3.12) arises directly from the action in this way.) Similar to section
2.3.2 we finally have

1
W]V[[el;u Zu7p,u7 S,uw AAIa )‘] = /dT |:puu# + §S;WQNV — Hyr ) (330)

with the function® Hj;, containing the mass-shell constraint only, Hyz, = A( 9" pupy+
m?). This is the extension of (2.64) to the pole-dipole approximation at linear order
in spin. We could also add the supplementary conditions,

Sil/pV = 07 AMJPJ = 07 (331)

to the action with the help of Lagrange multipliers. However, this will not change the
dynamics as these (independent) conditions are already preserved in time and their
Lagrange multipliers therefore vanish. Reference [13] immediately started with the
action in the form of Eq. (3.30) without the detailed derivation given in this section.

3.2. Reduction of the Matter Variables

Next a fully reduced canonical formalism is derived. For this the action is put
on the constraint surface. That is, all supplementary conditions, constraints, and
gauge conditions are solved in terms of certain truly independent variables that
parametrize the constraint surface. The equations of motion for this reduced num-
ber of variables could then be obtained by varying the action with respect to these
variables. However, we will transform the action to a new set of reduced variables
such that the equations of motion can easily be seen to resemble to Hamilton’s equa-
tions. This allows for an easy identification of the Hamiltonian and corresponding
Poisson brackets. Thus a fully reduced canonical formalism for spinning objects cou-
pled to general relativity is found [13]. Remember that the necessity for a variable
transformation to obtain standard canonical Poisson brackets is already present in
the flat space case, see (2.20). A treatment using Dirac brackets (2.75) seems to
be more complicated, as one has to consider the brackets for each pair of variables
then, whereas here we only have to handle the action (a single scalar).

The derivation sketched above is very similar to the treatment of Dirac fields
coupled to gravity by Kibble [6]. In this section we concentrate on the matter part
of the action only.

“Notice that Hj, is not a Hamiltonian as %SWQ‘“’ in (3.30) also contains interaction terms.
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3.2. Reduction of the Matter Variables

3.2.1. Reduced Matter Action

Similar to section 2.3.2 we solve the matter constraints (now including the supple-
mentary conditions (3.31)) as

np = nt'p, = —/m? +vp;p;, (3.32)

nS; = nhS,; = P20 _ o ongi AU = AL P(<O>) R UL
np p m
(3.33)

in terms of the independent variables p;, S;;, and AlI®) On the constraint surface
it holds H,;, = 0.
For simplicity, we will immediately constrain ourselves to the Schwinger time
gauge [55],
e = _pi (3.34)
see also [6, 61, 64], as lapse and shift then turn into Lagrange multipliers in the

matter action [13], like in the ADM formalism for nonspinning objects. This gauge
condition effectively reduces the tetrad e’* to a triad e¥7, it holds

e =0= e’ e =N = /e’ ey = Neld; (3.35)
N'=—Ne)', Yij = e™iegm; 7 = eqm'e™ . (3.36)

A further convenient gauge choice is 7 = 2" = t for the yet arbitrary parameter 7.
In terms of the independent variables the matter Lagrangian (3.29) reads explicitly

; » 1 nS; ]

LM = |:pz' + KijnSJ =+ Akle(j)ke(])m _ (_Skj + M) I"‘ka:| P
2 p

nS* . nSup() — nS(j)p(i)} A[k](z)A[k}(J‘)

—pi + {S(i)u') + (3.37)

+

2np np 2

4 Aije(k)ie(k)j,(] o /d3$ (NHmatter . Nif]_[;natter) :

with the 3-dimensional Christoffel symbols I'y;;, the abbreviation A” defined by

1 nS;p;
ayi AR = 28 — 3.38
VikVji 5 + np (3.38)
and the matter parts of the gravitational constraints given by
S,
pmatter — s — KIPTO0 5 (k) (3.39)
np
matter __ j 1 ik Jkp(ank)
iJ
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3. Action Approach

These coincide with the densitized projections
Hmatter — ﬁTuynunV’ H;natter — _\/”_}/ﬂynu, (341)

of the stress-energy tensor (2.30) at linear order in spin. For consistency this must of
course be the case, as the gravitational constraints can also be obtained by such pro-
jections of the Einstein equations directly, instead of by varying the action with re-
spect to N and N*. However, in spite of the simplifying premature (but only partial)
gauge fixing (3.34) of the tetrad, the matter Lagrangian (3.37) is still complicated
compared to the nonspinning case (2.68). In particular, the canonical structure is
not immediately visible in the used variables.

3.2.2. Canonical Matter Variables

One already knows from special relativity that the variables in the covariant spin
supplementary condition have quite complicated Poisson brackets. Thus the compli-
cated structure of the matter action in these variables found in the last section is not
surprising. We will now try to simplify the structure of the matter Lagrangian by
introducing new variables, which will turn out to possess standard canonical Poisson
brackets. These new variables are indicated by a hat. An intuitive guess from the
special relativistic case (2.20) is

o i kiS5 - inS; nS;
ZZ = 21— i s nSl = —Zm—J, Sij = Sij— Pitt J + p]n > (342)
m —np m m—np m-—np
belonging to the condition (2.34), as well as
- —
AG) — AldK) Opj + —— 2 ), (3.43)
m(m — np)

see (3.60c) in [69]. These redefinitions replace A" in (3.37) by the quantity A% given
by

~ 1. mp(iTLS‘)
gy ARt = =6 4 )

Then the first line of (3.37) suggests to introduce a new linear momentum for the
matter as

(3.44)

L . 1 nsS; ;
Di = pi + KijnS7 + AMegyel?; — (§Skj + p(kn—p])) I, (3.45)

which reduces to p; = p; in the special relativistic case. The matter Lagrangian now
turns into (still approximating linear in spin)

A A7 1 A NOW
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where Q®0) = [\[k] D AMG) and
HM — _Aije(k)ie(k)j,(] + /dgfL’ (NHmatter . NiH;natter) ‘ (347)

Notice that Af®) is a 3-dimensional rotation matrix, A[k] D AKG) = 0ij. Therefore
Q00 g antisymmetric and should be interpreted as an angular velocity tensor. The
action thus has the canonical structure momenta times velocities minus Hamiltonian
H,;. The Poisson brackets for the matter part read

{2, p;} =6, {APD Sy} = A® 5, — AllOs, (3.48)
1S G, Swmwt =SSt — SieSaay — 0aSu)w) + duSu k) » (3.49)

all other zero, similar to (3.6, 3.7). It is important that all extrinsic curvature terms
are eliminated from (3.37, 3.39, 3.40) by the redefinition of the linear momentum
(3.45). Terms of this type are the reason for potential problems with derivative-
coupled theories [57], so it is good that they disappear. This is similar to the Dirac
field case, which can be made a nonderivative-coupled theory by a redefinition of
the Dirac field. Further the p;-term in (3.37) was removed by the redefinition of the
position (3.42).

If we consider test spinning bodies in an external field, then one immediately gets
the fully reduced Hamiltonian in the time gauge by inserting the metric (i.e., v;;, IV,
and N7) as well as a suitable triad eg); (subject only to eg)e™; = 7;;) into (3.47).
Canonical formulations of test spinning bodies were already obtained in [67] by a
direct construction of the symplectic structure and also very recently in [44] using a
Dirac bracket approach. In the latter paper the Hamiltonian was explicitly obtained
for the Kerr metric. In the next section we will also be able to put the field part
into canonical form.

Given the fact that, at least in the time gauge (3.34), the supplementary condition
(2.34) leads to a canonical spin and position variable, it seems to be simpler to
immediately start with an action implementing (2.34), thus skipping the need for
variable redefinitions. However, one can not be sure in advance that (2.34) leads
to canonical variables. Further, it should be noted that only the structure of the
action was simplified by above redefinitions. The redefinitions still have to be applied
to (3.39, 3.40), making these expressions more complicated, see (6.33-6.35). Thus
one has a conservation of trouble here and starting directly with (2.34) does not
seem to simplify the calculation. In fact, it could be subtle to correctly implement
the noncovariant condition (2.34) into the action. However, this succeeded for test
spinning objects in [44].
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3. Action Approach

3.3. Full Gauge Reduction

The discussion of the field part is not as simple as for nonspinning objects. First, we
need the tetrad form of the ADM formalism as derived in [62]. Second, the matter
action depends on the partial time derivative of the tetrad, which necessitates matter
corrections to the canonical field momentum. Indeed, the canonical momentum
conjugate to e(; is given by

O(Ls+ L)

70 = g NG T M) (k) i greR), Al (3.50)
9e (k)50

where L) is the density version of (3.46), obtained by introducing ) (zf — 2%
in certain terms, and 7 is still given by (2.41). Remember that (3.39, 3.40) do

not contain the extrinsic curvature after redefining the matter variables. Legendre
transformation leads to

1 . .. 1 - N
W = 8_7T /d4x ﬁ(k)JE(k)jp + /dt |:]3222 + §S(i)(j)Q(z)(j) —H|, (3.51)

H= / &z (NH — N'H,; + \ym™) + Ely,], (3.52)

where H = M 4 Hmater and H; = HIA 4 AP with (2.44) and (3.39, 3.40). In
tetrad gravity one has the additional constraint 7% = 0, or 719! = 87 AWy, which
was added to the Hamiltonian H via a Lagrange multiplier A\;; = —\j;.

3.3.1. Spatial Symmetric Gauge

The constraint 7% = 0 is eliminated by a further partial gauge fixing now. The
spatial symmetric gauge for the triad eg;); = e;; = ej; is imposed, which was sug-
gested by Kibble for a canonical formulation of the Dirac field coupled to gravity [6]
(however, Kibble was using the Schwinger canonical formalism [55]). In this gauge,
the triad is the symmetric matrix square-root of the positive definite induced metric,
€ij€jk = 7Vik, O

(eij) = 1/ (i) - (3.53)

Thus the triad is fully given in terms of the metric, which is now the variable to be
varied. We may therefore define an object ijl as

a mj a mi
2B — e, = g, M (3.54)
OV Ok
which enables us to write
1
e(k)ie(k)jw = ijl'ykl,u + 5%’3‘,# . (3.55)
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The action obviously takes on the form

1 iy .. 1. N
W= / d*z 750 + / dt {pizﬂ + is(i)(j)sz(“@ - HJ, (3.56)

H= / &Pz (NH — N'H;) + Elv], (3.57)
with the new canonical field momentum conjugate to v;; given by
7 = 7 4 8 AW§ 4 167 BY AFIG (3.58)

We have thus reduced the tetrad form of the ADM formalism to its metric form,
still coupled to spinning objects.

3.3.2. ADM Transverse-Traceless Gauge

Finally, the gauge fixing for the induced metric follows along the same lines as for
nonspinning objects in section 2.3.2. We apply the gauge conditions

0;(vij — 3ymdiy) =0, 7 =0. (3.59)

However, notice that the ADM transverse-traceless condition for the canonical field
momentum 7% = 0 differs from the original one, 7% = 0. Correspondingly we now

have the decomposition
L f e a1 1 .
79 = 7 4 79T T =7 4w — 28T — §A Lk ik (3.60)

2

instead of (2.51). The decomposition for the metric (2.50) is still valid. The ADM
Hamiltonian then results from solving the field constraints H = 0 = H; together
with the gauge conditions as

sion 4 ~ ij 1
Hapm = E[Z » Pis S(’L)(])7 h’iTjT7 n ]TT] = _E /d3$ A¢7 (361)
and the fully reduced Poisson brackets of the field read
TT ~kITT _ TTk
{hy (x), 7 (%)} = 1670, "o(x — x'), (3.62)

all other zero. The Poisson brackets (3.48, 3.49) of course still hold. The fully
reduced action finally reads

1 - N IO
= [ a5 2800009 ] @)

This is the extension of the nonspinning case in (2.71). The new spin interactions
enter via the ADM Hamiltonian Hpy after solving the constraints, which now have
spin corrections in its source terms, (3.39, 3.40).
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As we have seen in section 2.3 and also in the last section, after all constraints as
well as supplementary and gauge conditions have been eliminated, the Hamiltonian
is given by the ADM energy depending on the fully reduced canonical variables.
However, while it is not problematic to calculate the ADM energy at least to some
order in a perturbative way, it will then depend on the variables appearing in the
stress-energy tensor (2.30) and equation of motion (2.28), for which the canonical
structure is not known. If one could someway find the transformation between these
variables and fully reduced canonical variables with usual Poisson brackets, then
the ADM energy can be expressed in terms of canonical variables and turns into the
ADM Hamiltonian. In this chapter we try to construct this variable transformation
order-by-order in some perturbation scheme by looking at certain consistency con-
ditions. It is expected that if one proceeds to higher and higher orders, then one
also needs to devise more and more consistency conditions. However, in the post-
Newtonian approximation one may reach an order high enough for all currently
relevant applications by just relying on a specific form of total linear and angular
momentum expressed in terms of canonical variables [14, 15]. Notice that this ap-
proach is not as powerful as the action approach [13] discussed in the last chapter,
however, it succeeded earlier and is still valuable at higher orders in spin as well as
for a check of the action approach at linear order in spin.

4.1. Symmetries and Conserved Quantities

Now the symmetries and corresponding conserved quantities for asymptotically flat
spacetimes are reviewed. These conserved quantities generate their symmetries on
phase space. For total linear and angular momentum this leads to a very specific
form when expressed in terms of canonical variables.

4.1.1. Global Rotations and Translations

It is intuitively clear that an asymptotically flat spacetime can be transformed into
a physically equivalent one by a 3-dimensional rotation and/or translation of each
3-dimensional hypersurface, i.e., of the whole spacetime. This means that asymp-
totically flat spacetimes posses a global symmetry! under rotations and translations,

L A global symmetry depends on parameters which may not vary over spacetime.
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i.e., under the 3-dimensional Euclidean group. In fact, one even has a global sym-
metry under the Poincaré group, which will be discussed in section 4.1.3. How the
symmetry under the Euclidean group is represented on the coordinates crucially de-
pends on the chosen coordinate system even in flat space. If the coordinate system
resembles to a Cartesian one in the asymptotics, then a good guess for the symmetry
transformation is 2* — Ay (27 +a’), with 2" the coordinates of the 3-dimensional hy-
persurfaces, a' a constant vector describing a translation, and a rotation matrix A;.
The rotation matrix is parametrized by a constant antisymmetric matrix w” = —w?!
in the form A = e¥. A field, e.g., the induced metric ;;, then transforms as

Yij(x) = A Ay (A 'x — a) (4.1)

where the vector a has components a’. However, for this transformation to be a
global symmetry and not just a particular gauge transformation, the gauge condi-
tions must be invariant under this representation of the Euclidean group. This is
indeed fulfilled for the ADM gauge conditions (2.49) or (3.59) (remember that a’
and A;; are constant). Further, the local basis shall rotate the same way as the
coordinate basis, i.e., e();(x) = AwAjep(A~'x — a). We assume here that the
tetrad was reduced to a triad with the help of the time gauge (3.34), as in the action
approach. The triad gauge shall be compatible with this transformation property,
which is the case for (3.53).
Looking at infinitesimal transformations, i.e., @’ and w* shall be small, it holds

vt — '+ ad Wi (4.2)
or for a tensor field (4.1)
Vij = Yij — A" Oy — W Oy + W F iy + Wy (4.3)

This is just the Lie-shift given by the infinitesimal coordinate transformation (4.2),
i.e., 75 — Vij — Lszrvi;. Similarly, the canonical variables transform as

éé — 2; + CLi + Wij'%g ) ﬁaz’ — ﬁaz’ + oJij]aaj ) (44)

AlilG AlilG jk A [i](k & & im & m &
Ag](J) N AEL](J) Y AEL]( ) Sai)j) = Sat)G) + W Samy) + W Sagiym) s (4.5)
hit = it —a*Ophlt — WMt ophT + wF R+ WG (4.6)
FUTT _y gTT _ kg 20 TT kol 70 TT o ik ghiTT 4 ik z kT (4.7)

A label index was attached to the matter variables now. In (4.5) the transformation
property of the local basis was used. Notice that the body-fixed basis in (4.5) stays
unchanged. For (4.6) and (4.7) the transverse-traceless projection was commuted
with the infinitesimal coordinate change.
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4.1.2. Symmetry Generators

Now we try to construct the generators of infinitesimal rotations and translations,
P; and Jj;. These are of course nothing else than 3-dimensional total linear and
angular momentum. With the help of these generators the transformation rule for
an arbitrary phase space function A must read

A— A+ %w”{A, Jﬂ} + ai{A, R} . (48)

It is sufficient to guarantee this transformation rule for all canonical variables. Com-
paring (4.8) with (4.4-4.7), using the standard Poisson brackets (3.48, 3.49) for each
object as well as (3.62), one can indeed construct P; and J;;. It is immediately clear
that P; and J;; are a sum of matter and field parts,

Pi _ f)imatter + Pz‘ﬁeld7 Jz — Jir;}atter + J{ijeld ) (49)

In order to get P;, one sets w” = 0 and a’ is taken to be arbitrary. Then among
the matter variables only 2! is transformed. Comparing (4.8) with (4.4) one obtains
0 = {2, P} = % for each particle, and thus

8}3112'
PP =N "y (4.10)

Similarly, for the field part one gets —dph;" = {hJ", Pi} as well as —0pa7"T =
{#9TT P}, which leads to

1
pleld — T / d3z #HTTRTT (4.11)
7_‘_ K

The derivation of J;; is analogous, with the result

TR = (50 Paj — 2Pai) + > Sati)i) (4.12)
‘]zﬁjeld — _% /dSI’ (l,i,ﬁ_leThg‘l'E o xj,ﬁ_leTth)
" (4.13)

- o B 2(ﬁ_ikTThng _ FIMTTTTY
The ADM Hamiltonian Hapy is by construction manifestly invariant under global
rotations and translations (at least in the considered gauges). Comparing Hapn —
Hapy with (4.8) one sees that total linear and angular momentum have vanishing
Poisson brackets with the ADM Hamiltonian and are thus conserved.

Yet another symmetry specific to objects with spin is given by constant rotations
of the body-fixed frame,

~

A([f}(j) — Ag](f) + w([li][k][\gk}(j) : (4.14)
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parametrized by a constant antisymmetric matrlx W

il — WU for each object.
The Correspondmg generators read J boc[ijy] = AR ALK l)Sa(k)(l) and are also conserved

quantities, J>° [z][J] = const. A corollary of this is that

bod. body A
Joii et = Saw@)Sa@) = const. (4.15)

As the ADM Hamiltonian Hapy is invariant under the transformations (4.4—
4.7) and (4.14), these transformations are also a symmetry of the action (3.63).
The corresponding conserved quantities F;, J;;, and JbO([i]y] can then be obtained by

standard Noether arguments [90] and come out identical to above results.

4.1.3. Global Poincaré Invariance

The global symmetry under the Euclidean group discussed in the last section is only
a part of the bigger global symmetry under the Poincaré group. Besides total linear
and angular momentum, also the boost vector J* and the energy £ = Hapy of the
system generate a symmetry of the action and are conserved quantities for asymp-
totically flat spacetimes. However, the infinitesimal transformations generated by
Hapy and J) similar to (4.8), are in general highly nonlinear in the considered
gauges and may not be written down immediately, as opposed to (4.4-4.7). Fur-
ther, J explicitly depends on time, see (2.12). Hapy and J®© can be calculated by
surface integrals at spatial infinity, see, e.g., [54, 91]. For the total energy £ = Hapm
this was already found in (2.45) and the boost vector J% is given by (2.12) with

1

G = Tom dsy, [2 (Vg — Yue) — Vi + O] - (4.16)

Similarly, for 3-dimensional total linear and angular momentum it holds

1 . 1 - .
Pi=—= 74 R N = g (2'7?* — 277’ (4.17)

When these quantities are expressed in terms of canonical variables (after gauge
fixing), they fulfill the Poincaré algebra (2.10, 2.11). Notice that all Poisson brackets
in (2.10, 2.11) involving P; and J;; just reflect the transformation property (4.8).
Similar to the special relativistic case in section 2.1, one can define different total
spins and centers for a gravitating system in asymptotically flat spacetimes. In
particular, a center and total spin of the system with standard Poisson brackets can
be constructed (this was exploited recently in [92]).

4.1.4. Symmetry Generators from Integral Formulas

For simplicity we assume that 7;; does not need a redefinition in order to receive a
canonical meaning. However, this might be necessary at higher orders in spin. For
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4. Symmetry Generator Approach

the canonical field momentum 7% we allow spin corrections by the ansatz

70 =79 416wy w0, (4.18)

where 7/ contains the yet undetermined spin corrections. The gauge condition
7" = 0 with the subsequent decomposition (3.60) is assumed to hold. The surface
integrals from the last section can be transformed into volume integrals using the
Gauss theorem. With the decomposition (2.50) it follows

1 ) .
E=—— [ dzA¢, G'=——— [ &Pra'Ag. (4.19)
167
However, it is not possible to express £ and G* in terms of the canonical variables
without solving the nonlinear constraint equations for ¢. Similarly one gets
1 , 1 o o
P=—— [ &z, Jii = —— [ Bz (7%, — 277tk )) . 4.20
o ,k i = g (@' & ) (4.20)
Here one can exploit the momentum constraint H; = Hield 4 gmatter — () to further
evaluate P; and J;; without needing to actually solve the constraints. Using (2.44,
2.50, 3.60) the momentum constraint can ezactly be written as

. 1 . . N Ny
ﬁjk,k — _SW(H?atter + H;rmatter) + §ﬁjkTTh}‘k'l:i o (ﬁjkTThgiT>,j —A <thng> 4+ B”,j 7
(4.21)
with the definitions
HTmatter — Z [ﬂ'gk')/jk,iga - 2(%’167?&)73} ) (4.22)

1

B9 = [L— (14 80)"] (B9 4+ #9974 VA(HED 4 KES — HED) — &

ki,j kjyi ij,k

VELAET ) (4.23)

g
and the alternative vector potential
~ 1 .
Vi= (51-]- - ZaiajA—l) T, (4.24)
for which it holds 5
=V VI, géij\?k,k. (4.25)

One can calculate H™r uging (3.41). Notice that B = B and B# = 0. Further
the last two terms in (4.21) do not contribute to (4.20). Obviously, (4.20) are a sum
of matter and field parts, (4.9). The field parts are identical to (4.11) and (4.13).
However, the matter parts now read

Pimatter _ /d3$ (H?latter + Hzrmatter) 7 (426)
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Jir;latter — /d3(L’ (:L,ZH;natter + sz;Tmatter _ x]?_[;fnatter _ xj’]_l;rmatter) ) (427)

For consistency, these must turn into (4.10) and (4.12) when expressed in terms of
canonical variables.

4.2. Construction of Canonical Variables

In this section we will formulate the important consistency conditions and apply
them order-by-order in the post-Newtonian approximation to find canonical vari-
ables.

4.2.1. Consistency Conditions

In section 2.2.3 it was seen that the spin length S, given by 252 = S,,, 5" is a
conserved quantity in the covariant spin supplementary condition. This can also
be derived from the action (3.30) using the symmetry under constant 4-dimensional
Lorentz transformations of the body-fixed frame, see also [69]. This conserved quan-
tity must be identical to the one in (4.15), as both were derived from the same
symmetry (though only the 3-dimensional rotation part is relevant after the supple-
mentary conditions were eliminated). Thus it must hold

SapSh” = Sa(i)()Sa(i)(G) » (4.28)

providing a relation between covariant spin Sy, and canonical spin S’a(i)(j). This is
one important consistency condition we will impose.

Further, one can calculate H™**" and thus (4.26, 4.27) in terms of (noncanonical)
variables in the covariant supplementary condition with the help of (3.41) and (2.30),

matter __
e =y
a

see (3.40). Then (4.26, 4.27) must coincide with (4.10, 4.12), leading to conditions
on the transformation between canonical variables and variables in the covariant
supplementary condition. We write this as a condition on H***" in the form

j 1 . i a(i Sa
(pai + K.S7)8, + <§73’“Saik5a+yf’fm5a> ] . (4.29)
iJ

NPa

. A 1 .4
H@matter = Z |:(ﬁai - Wikfyjk,i)é‘a + 5(835G)7j:| ) (430)

where the symmetric part of s is not constrained, but it has to hold

Sgﬂ = ga(i)(j) + ZWékh%;-T — QWZkhg]T . (4.31)
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4. Symmetry Generator Approach

This condition on Ha"" is the most general one? that guarantees that (4.26, 4.27)
coincide with (4.10, 4.12).

Above conditions are sufficient for the post-Newtonian order considered here. An-
other condition that could be useful at even higher orders (in particular also higher
orders in spin) would be the fulfillment of the Poincaré algebra. However, all Pois-
son brackets in (2.10, 2.11) involving P; and J;; are fulfilled by construction due
to the transformation property (4.8) if above conditions hold, thus giving nothing
new. In [14] it was considered whether the construction of the constraint algebra
(2.72-2.74), which is related to diffeomorphism invariance and thus more fundamen-
tal than global Poincaré invariance, could be used to construct canonical variables.
However, this approach seems to be unmanageable.

4.2.2. Canonical Variables

First we evaluate the condition on the spin length given by (4.28). We will first
construct a specific transformation between Su;; and S, ;) and then discuss its
uniqueness. Inspired by the flat space case (2.20), we first apply the transformation

A ainSa’ a’nSai a kjga 1
Saij = Sm'j - P J + Paj nSm- = —pk,y—], (432)

9
Mg — NPq Mg — NPq mq

to the conserved quantity S, S = Y¥4195,11Su; — 279nSwnS,;, with the result
SauSE = Wkivljgaklé’aij. With the help of an arbitrary triad e(;); this can be
written in a local basis as S, SE = ga(i)(j)ga(i)(j), so we have found a possible
transformation allowed by (4.28). The ambiguities that are left can best be discussed
in terms of the spin vector S,;. As we are still considering the linear order in
spin, any further transformation of S (i) must be linear in SplIl and must leave the
expression S, Z)S invariant (notice Sa( ])S )G) = 2S S (i))- Therefore only
a rotation of the spin vector as a further transformatlon 1s pos&ble, which can be

absorbed into the yet arbitrary triad e;);.
A comparison of (4.29) with (4.30) leads to

) ) 1 (TS 0 .
Pai = Pai + KijnS) + wlF e — (_Sakj + M) I, (4.33)
2 NPq
without any ambiguity. Now (4.29) is of the form (4.30), so (4.31) is the only
condition that is left. In order to evaluate (4.31) we first need to read off s¥. For
the redefinition of the position variable we use
7 X nSZ

o i 4.34
Ra = R Mg — NPa + N ( )

2In the pole-dipole approximation at most one partial derivative can appear in H®%" Further
it was assumed that the variables from different objects do not mix (e.g., as p192) at this stage.
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4.2. Construction of Canonical Variables

where 2%, is a yet unknown correction to the flat space case (2.20). Comparing
(4.29) expressed in terms of the new variables with (4.30) leads to

jk’}/lp Qﬁalﬁa(isak)p

59 = AP+ etk
npa(ma — NPq

7 2PaiZh, (4.35)

with the definition np, = —+/m2 4+ Y9 paipaj. The only ambiguities in the transition
to canonical variables are now given by 77, z,, and the triad e);. We try to
fix these ambiguities by considering (4.31) with (4.35) order-by-order in the post-
Newtonian approximation, which is introduced in the next section.

From the action approach we know that the ambiguity of e(;; should just be a
gauge freedom. Thus different choices for e(;); should be canonically equivalent. In-
deed, it was shown in [84] that a spin rotation is just a canonical transformation at
linear order in spin. However, a canonical transformation may change all variables,
but p.; as well as hiTjT can not be changed any more. Thus the canonical represen-
tation was already partly fixed and we must therefore still keep e(;); as general as

allowed by the restriction on the triad gauge made in section 4.1.1.

4.2.3. Post-Newtonian Approximation

The idea behind the post-Newtonian approximation is that for slowly moving bodies
and weak gravitational forces the Newtonian physics is recovered as a first approx-
imation. For two objects this means that their relative velocity v shall be small
compared to the speed of light ¢. In Newtonian physics the time average of kinetic
and potential energy is of the same order if the virial theorem applies, which is the
case for bound systems. Then one has

v? GM

—_— Y

c2

2, <1, (4.36)
where M is the total mass of the system and r the typical distance of the objects.
An expansion in the dimensionless quantities (4.36) obviously is also an expansion
in ¢=2. We will therefore think of the post-Newtonian expansion as an expansion in
c¢~2. However, this is a rather formal point of view as it depends on the choice of
units whether ¢~ is actually a small number (e.g., in our units it is equal to one).
As seen later, there may be half post-Newtonian orders corresponding to ¢~

As post-Newtonian orders are formally counted in terms of the velocity of light ¢
originally present in the equations, i.e., before setting ¢ = 1 = (G, one should intro-
duce G and ¢ back into all expressions. However, this would undo the advantages
achieved by setting ¢ = 1 = G. Instead, we will assign an order in powers of ¢~*
directly to our variables. When setting ¢ = 1 = G only one unit is needed, which
we choose to be the unit of spatial distances, e.g., meters. Then the values of all

masses m, must be given in meters, which is obtained by multiplying their values in
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4. Symmetry Generator Approach

kilograms by G /c?. Therefore we just count the masses to be of the order ¢72, as this
is the power of the speed of light that would be introduced into the expressions if
we restore the original units. Similar arguments apply to the other matter variables
and we have the counting rules

2, =0("), me =0 (c7?), Pa=0(c?). (4.37)

Notice that an energy receives a counting of ¢~*, which gives the absolute order of
the Newtonian Hamiltonian (being an energy) within these counting rules. However,
one obtains different counting rules for the matter variables if one uses kilograms
instead of meters to replace all units when setting ¢ = 1 = . This convention is
also often used and leads to different absolute orders in ¢!, e.g., a mass now receives
a counting of ¢ and the Newtonian Hamiltonian is at the absolute order ¢=2. But
relative orders are always the same, so only a counting relative to the Newtonian
order (or to the leading order if the Newtonian order vanishes) finally makes sense
when using such counting rules. The correct absolute Newtonian order is ¢, as it
must prevail when ¢=! — 0.

The formal counting may nicely be applied to more complicated situations, e.g.,
when spins are present. For dimensional reasons only we are thus counting the
spins of the order ¢~3. This has some computational advantages, e.g., similarities to
calculations for nonspinning objects are more manifest, see section 6.2.2. Here post-
Newtonian orders should always be understood in the formal sense if not otherwise
stated. However, the spin of a (Kerr) black hole is given by Gm?a/c, where m is
the mass of the black hole and @ = 0...1 is the dimensionless Kerr parameter. The
maximal spin of an object is defined as Gm?/c (which 4s the maximal spin of a black
hole, @ = 1), and additionally has to be counted as ¢~'. If the spins are maximal,
one therefore has to add half a post-Newtonian order relative to the formal counting
for each spin variable appearing in a specific expression.

If the spins are not maximal, one has to be careful when classifying spin effects
into post-Newtonian orders. For example, if the spin is - of the maximal one and

100
the orbital velocity is — of the speed of light, then each spin variable corresponds

to one extra order in v /1 gorelative to the maximal spin case, or half a post-Newtonian
order. At a later time during the inspiral the spin length has not changed much?,
however, the orbital velocity might have increased, e.g., to % of the speed of light.
Then each spin variable even corresponds to two additional orders in the velocity or
one post-Newtonian order relative to the maximal spin case. To conclude, while the
spin length does essentially stay constant during the inspiral, the orbital velocity
will increase and one expects that spin effects slightly shift to higher post-Newtonian
orders during inspiral. Therefore, assigning a post-Newtonian order to spin contri-
butions in the Hamiltonian seems to make no sense in general, except for maximal

spins or within the formal counting. However, this discussion is only superficial, the

31n the approximation considered here the spin length is even exactly constant.
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4.2. Construction of Canonical Variables

relevance of spin effects also crucially depends on the orientation of the spins and
the mass ratio of the objects. Due to these problems we will prefer to classify spin
effects by leading order, next-to-leading order, etc. when possible.

Counting rules for other quantities may be derived from (4.37). For example, ¢
results from solving the constraints, and one may easily see that its leading order
must be identical to the leading order of the matter source of the Hamilton constraint
Hmatter wwhich is ¢2 (this will become obvious in section 6.1.2). Similarly one gets
counting rules for the other field variables by considering the matter source of the
field equations. Without going into detail, we state here that

6=0(c?), WT=0("), #=0(?), T=0("),
(4.38)
are the correct counting rules for the fields. In general the fields include different
post-Newtonian orders, (4.38) only gives the leading orders. The Taylor expansion
of the fields in terms of ¢! is written as, e.g.,

¢ =@ + b+ e+ O (), (4.39)

where a number in round brackets denotes the absolute order in ¢~!' within the
counting given by (4.37) (this should not be confused with indices in the local
basis). The vanishing of the odd orders ¢y and ¢s is explained by the vanishing
of the corresponding orders in the source terms.

4.2.4. Final Fixation of the Canonical Variables

First we try to find a way to parametrize the ambiguity in the triad when the induced
metric is kept fixed. If one considers the perturbative expansion of e/Fei(k) = ~u

under the assumption that the leading order is given by eéé’? = 0;k, then one sees that

the symmetric part of e/® is uniquely fixed at each order, while the antisymmetric
part ¢7 = 1(e'V) — e/¥) is arbitrary. Therefore é” parametrizes the rotational
degrees of freedom left in the definition of the local basis and thus the ambiguity of
the canonical spin variable. In particular, the leading post-Newtonian orders read

L | L T 1 1
Notice that ¢ is needed only on the worldlines. In the following we use the abbre-
viation e = ¥ (zk).

Next we make an ansatz for 7/, 2%, and €% at each post-Newtonian order. For
this purpose it is important that 7% has the dimension length squared, z, the
dimension length, and é¥ is dimensionless. Further, 7 and z%, must be linear
in spin, while 7 must be independent of the spins. The fields Aj;" and 77" are
always taken at the position 2 in such an ansatz and 2% should not appear directly.
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4. Symmetry Generator Approach

Of course one also has to take into account that 7%/ must be symmetric and &%
antisymmetric. Considering possible ansatze under these restrictions we infer that
the leading orders are at least 7% = O (c¢™?), 24, = O(c™?), and é¥ = O (c7).
From (4.35) the first orders of st then follow as
[l _ & il _ o i Ad il _ 5 i s

Sags) = Sa(i)(j) » SaZES) = PajZpaa(2) _paizia(z) ) Sag7) = PajZAa(4) _paiZ]Aa(4) . (4.41)
Evaluating (4.31) one concludes that 2j,, = 0 and 2j,,) = 0. Thus we have
anticipated the correct redefinition of the position (4.34) to this order.

[44]

a(9) On€ has

For s

» ke o 1 . . . ‘ ‘
Sgg) = €ate)Sa(t)(j) ~ PaiZAa(s) Tz Pakll;" (PaiSa) k) +ParSaiyy) — (i <> 7)), (4.42)
where (i <+ ) denotes an exchange of the indices i and j. The most general solution
of (4.31) under above restrictions is

i 1-C A .
1] . A ~ ~ N
7Ta(5) - 8m2 (paipaksa(k)(j) + pajpaksa(k)(i)) ) (443)
5t C o s 1T _ o 1T i ¢ . s TT | & T
Cate) = gzPen(Pailtis = Dajhin ) Znaie) = g abei(Saw hie + Satinhie )

(4.44)

at this order and now depends on an arbitrary constant C'.
However, we can remove the ambiguity C' by a canonical transformation with an
infinitesimal generator

P TT &
qg = me-paksa(k)(j) /dgx hij (5a. (4.45)
An arbitrary phase space function A then transforms as A — A + {4, g} to the
required order. Applied to the canonical variables one obtains

5 5 e 4O . .
h’;'ro - h;l;T ) ﬁJ]TT - ﬁ-”TT o 6I;FZTU Z ;;2 pakﬁamsa(m)(l)(sa ) (446)
Q Q ~ik O ~jk O
Sa(i)) = Sa@() — a(e)Sath() — Euge)Sa(k) » (4.47)
o0 X 7 A A C A A A
Zo T Rg T ZAa(6) » Dai =7 Pai — 4m2palpajSa(j)(k)h;£l:I;' . (448)

This indeed removes all terms depending on C' from the source expressions H™matter
and HM™*" at the considered order. We can therefore choose C' = 0, which leads
to agreement with the action approach. The triad then is in the spatial symmetric
gauge ¢“ = 0 and all variable transformations are the same as in the action approach
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4.2. Construction of Canonical Variables

at the considered post-Newtonian order. In particular, using (3.55) and (3.58) in
(3.45) leads to (4.33). Further, in the action approach we found that 24, = 0 and

. 1 .. N
or more explicitly using (3.44)

maﬁa(knsal) 1 ij _km_In &
-B Sammn - 4.50
2nﬁa(ma . nﬁa) + 2 kl7 7 ( )

ij ik gl
7Ta =7

Using By} = O (¢™*), cf. Eq. (3.37) in [15], the post-Newtonian expansion of (4.50)
agrees with the findings in this section. The check of the action approach given here
is valid to the formal 3.5 post-Newtonian order.
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Higher orders in spin require higher multipole moments, e.g., a black hole has a
nonzero quadrupole at the quadratic level in spin [37]. We will constrain to quadru-
pole and quadratic order in spin in this chapter. Besides spin-induced quadrupole
deformations discussed here, also tidal deformations induced through the gravita-
tional field of other objects have been treated in the literature, see, e.g., [93, 94].

5.1. Quadrupole Approximation

The extension of the pole-dipole approximation to higher multipoles was already
essentially completed some time ago [41, 95-97], see also [98, 99], most notably
by Dixon. It should be stressed that Dixon’s method incorporates Mathisson’s
pioneering ideas [100].

5.1.1. Quadrupole Approximation from Tulczyjew’s Method

A more direct application of Mathisson’s ideas to the quadrupole order was given
in [16] with the help of W.M. Tulczyjew’s method [31], see also [101]. There the
quadrupole moment t#**# was kept in (2.26) when evaluating (2.27). In addition to
pt and S* now various quadrupole moments appear. It is suitable to introduce a
reduced quadrupole moment J**% with symmetries

Jveba — JlvellBal — JBOWP7 Jriebel — g o Jvebe  quBap 4 qrapB _ () (5_1)

Thus JPP* has the same (algebraic) symmetries as the Riemann tensor. This quad-
rupole moment is able to incorporate all quadrupole contributions from #***# that
remain after (2.27) was evaluated. The equations of motion then take on the simple
form

DS#
dr

and agree with Dixon [97]. The reduced moment J**? is also optimal to give a
simplified expression for the stress-energy tensor, reading

1
—gT* :/dT [u(“p”)5(4)+§

4 D 1 1
— ol vVl FpM) [k gvlpBa Pp L p@) Ba L p4) voBa
= ophtut G RO W0 = SR S — R T (5.2)

2

(4) 14 (0% V)
Roig "0y + (u8%0)  — 5

(47 0)) I(aB) |

(5.3)
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5.1. Quadrupole Approximation

In this form the stress-energy tensor was first given in [16]. This stress-energy tensor,
together with the ansatz for J***# at the quadratic level in spin given below, can
be applied to the derivation of the next-to-leading order radiation field, see [102] for
the spin-orbit case (the leading order is given in [103]). Besides this formula for the
stress-energy tensor, a further interesting result in [16] is the relation between the
t*- moments and Dixon’s reduced moments p#, S*, and J***?. This relation could
be used to study alternatives to Dixon’s integral formulas for the multipole moments
or to discuss the relation between moments belonging to different representative
worldlines (for the latter see section VII.C in [16]).
The spin supplementary condition S* f, = 0 is preserved in time if

1 Df, 4
= (—fup”u“ g Ple 3 fnggp[“JVlPﬂa) , (5.4)

— fau® dr

which should give a relation between p* and u*. This extends (2.31) to the quadru-
pole approximation. The extension of (2.35) reads
D(S5*) 4

4 v]pBa
g uﬁguyzz;gpw lofer (5.5)

v
pM = —u,p ub —

5.1.2. Decomposition of the Quadrupole

In order to parametrize the quadrupole deformation due to spin we try to find the
most general covariant ansatz for J#**# quadratic in the spin tensor that is relevant
for the post-Newtonian order in question. It is suitable to consider the orthogonal
decomposition of J**8 with respect to the vector f,. to which the spin is orthogonal,
S f, = 0. This decomposition reads

1 3
—(f[va]Ba + f[aQE]pV) _
V _fl/fy _foV
where Q¥P5, QPP and QPP are called stress, flow, and mass quadrupole here and
are orthogonal to f, in each index, see also [104]. They further have the symmetries

JveBa — QVpﬁa _ f[VQP][Bfa] 7 (5.6)

QVpBa _ Q[Vﬁ][ﬁa} — Qﬁaw? QV[pﬂa} -0 < Qw)ﬁa + QVBap + Qvapﬂ =0,
(5.7)
QPP = Qp[ﬁa} 7 Q[pﬁa] =0 & QP4 Qlr4+Q=0, Q" = Q(pﬁ) )
(5.8)

In a local basis with f# giving the time direction these moments only have spatial
components (due to the orthogonality of these moments to f#). One may therefore
decompose these moments further in the local basis into parts transforming under
irreducible representations of the 3-dimensional rotation group SO(3). For the mass
quadrupole this SO(3)-decomposition reads, written in the coordinate frame,

1
Qu =" + 3P’y (5.9)

23



5. Higher Orders in Spin

STF
nv

is symmetric and trace-free (STF) in the local frame. In the coordinate frame the
trace-free property reads Q5" " = 0 and of course it holds @Q5F f* = 0. Obviously
Q" has six independent components, five contained in the symmetric trace-free part
and one in the scalar part ()”,. The same holds for Q"*P with a more complicated
decomposition into symmetric trace-free and scalar parts, whereas Q"' has even

eight independent components corresponding to a symmetric trace-free and a vector
part [104].

with the orthogonal projector P* = gh — ﬁf“f” (notice P"g,,, = 3). Here

5.1.3. Ansatz for the Mass Quadrupole

We will now constrain to f, = p, and to the Newtonian limit, the latter to iden-
tify the dominant contributions. Then only the mass multipoles are important for
the dynamics. Though flow and stress multipoles do in general not vanish in the
Newtonian limit [96], they give no contribution to the gravitational field and can be
neglected. Therefore the decomposition of the quadrupole moment (5.6) just reads

v (0% 3 14 (0%
JveBa — ——2p[ Qﬂl[ﬁp | 7 (5_10)
mp
where the dynamical mass defined by p,pt = —mf, is now denoted as m,. Also the

trace part of the mass quadrupole gives no contribution to the gravitational field
outside the body and one can thus assume )”, = 0. The mass quadrupole induced
by spin is then given by the ansatz

C 1
Q/W = EEF = m_cj (SupSVp - g MVSPOSpJ> 5 (511)
and is parametrized only by Cp in the Newtonian limit and quadratic level in spin,
see also [105]. For black holes one has Cg = 1 [37] while for neutron star models C
depends on the equation of state [106].

Though the ansatz for the quadrupole (5.10, 5.11) was given in the Newtonian
limit only, it was written in a manifestly covariant way and we will now consider its
implications in full general relativity. However, we stay at the quadratic level in spin.
It will be shown in the next section by relying on investigations in [107] that this
ansatz indeed holds to next-to-leading order in the post-Newtonian approximation.
It is easy to see from (5.2) that the spin length S given by 25% = S#*S,, is conserved
for our quadrupole ansatz and spin supplementary condition S*'p, = 0. But the
mass m,, is not conserved. However, the new mass-like parameter m defined by

1 ) qupBa
m=my = <Ry50] pho: (5.12)
is conserved for our ansatz quadratic in spin. Finally (5.4) can be written as
1 1
p* = mut — %Rﬁ)ﬁs*‘psaﬁu” + §Rgi)ﬁyQo‘ﬁu”(2g‘S” + ulut), (5.13)
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and gives a relation between p* and u*.

5.2. Action Approach

It is shown in this section that allowing nonminimal couplings in the action approach
from section 3.1.3 corresponds to certain higher multipole corrections, see also [87].
The couplings in the action needed for spin-induced quadrupole deformations at
next-to-leading order in the post-Newtonian approximation can be found in [107].

5.2.1. Nonminimal Couplings

We now generalize the ansatz (3.16) for the action to nonminimal couplings. More
precisely, the Lagrangian is allowed to contain the Riemann curvature tensor,

uraf

Wtler,, 2, A = / A7 Ly (u, 7 " (2), g (), B L(2°)). (5.14)

The Euler-Lagrange equations of this action follow as in section 3.1.3 in a straight-
forward way. It is easy to see that (3.19) stays unchanged,

D [OLy 0Ly 0Ly
— = QF, — —0°,. 5.15
dr [69/‘”} o oQue 1 (5.15)
However, the important relation (3.17) now reads
0Ly 0Ly 0Ly, 0Ly OLy 4
0= Fypo Moy 9= M v _ o o — 4 RY . 5.16
Juc u” + 90w + agw, g agﬁy g a]%(;y)p(S avpd ( )
Using this identity and the definitions
= — v == 2— 5 Jy,VDéﬁ pr— —6— 3 517
O T o,

the Euler-Lagrange equations for the matter variables turn into (5.2), whereas for
the field variables one obtains the Einstein equations with the stress-energy tensor
(5.3). Higher multipoles are covered by including symmetrized covariant derivatives
of the curvature tensor in the Lagrangian [87].

An action invariant under general coordinate transformations always leads to a
stress-energy tensor fulfilling (2.27). As well known, this can be shown from the
Noether identity [90] following from general covariance, see also Eq. (18.23) in [108].
However, this does not mean that an action approach as envisaged here always
leads to the most general equations of motion allowed by (2.27). Dixon’s derivation
essentially only evaluated (2.27) and thus covers a much more general situation,
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5. Higher Orders in Spin

though the Euler-Lagrange equations obtained in this section are identical to the
equations of motion found by Dixon (but it is not a priori clear that this will be the
case). In particular, the multipole moments will always be implicitly fixed by the
other variables on which the Lagrangian was chosen to depend on, cf. (5.17). This
means that the quadrupole is not a dynamical variable within our action approach
and our action does not cover, e.g., quadrupole oscillation modes or tidal resonances,
see, e.g., [109]. Notice that (2.27) puts no constraints on equations of motion related
to dynamical quadrupole degrees of freedom. However, a dynamical quadrupole
requires further dynamical variables in the action principle. For a good effective
description of extended objects via an action one thus needs some intuition on the
relevant degrees of freedom that should enter into an ansatz for the effective action.
The action (5.14) includes translational and rotational degrees of freedom of the
object, which is expected to be a good choice for the inspiral phase.

An advantage of the action approach is that it is easier to find conserved quantities
or constant parameters. In particular, the conservation of the spin length immedi-
ately follows from the symmetry under Lorentz transformations of the body-fixed
frame. Further all parameters in the action, e.g., a mass-like parameter, are constant
simply by assumption. It is much more difficult to find such constant quantities if
one only considers Dixon’s results together with a specific ansatz for the quadrupole
moment, see, e.g., Eq. (5.12) or the discussion in reference [16].

It is important that one may eliminate the Ricci tensor (and scalar) from the mat-
ter Lagrangian Ly, by a suitable redefinition of the metric [110]. This was already
found in [111] within a slightly different situation and is based on the observation
that in a perturbative context the use of lower order equations of motion in the
perturbation part of the action corresponds to a redefinition of variables, see [112].
If we take some additions to the point-mass Lagrangian as a perturbation, then
we may eliminate the Ricci tensor by using the Einstein field equations with the
point-mass stress-energy tensor as a source, corresponding to an irrelevant redefini-
tion of the metric. However, the point-mass stress-energy tensor then gives rise to
singular self-interactions in the matter Lagrangian L,;, which are formally neglected
[111]. The conclusion is that one may use the vacuum field equations R,(ﬁ,) =0in
the matter Lagrangian Lj;. (This will also be used in a slightly modified way in
section 5.2.3.) The matter Lagrangian can therefore be restricted to depend on the

completely trace-free Weyl tensor C' “)

praf?
1
4 4 4 4
C/.(LQ)VIB = Riczyﬁ + ga[I/Ré’}L - gu[yR(ﬁ]L + §gu[,,gg]aR(4) , (518)

instead of R;(ﬁ/)aﬁ‘ This would give rise to corresponding modified multipole moments
defined analogous to (5.17). Further, the Weyl tensor can be split into electric E,(ﬁ,)

and magnetic B,(f,l,) parts,

1
EW =W o BW = —W BC(A‘)C“Bu'”u", (5.19)

nv pavf ) nv 9 hpa vo
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5.2. Action Approach

with 65;26 , the 4-dimensional Levi-Civita symbol, leading to definitions for corre-
sponding electric and magnetic multipoles as partial derivatives of Lj;. It could be
interesting to consider the impact on the equations of motion and the stress-energy
tensor from letting Ly, depend on C' ) 5 Or Eg,l,) and Bl(f,l,) instead of R'*) However,

uro uvaf:
this will not be necessary here.

5.2.2. Legendre Transforms and Supplementary Conditions

Up to now the Lagrangian L,; is completely arbitrary and the equations of motion
fully agree with Dixon at the quadrupole level. The question is which supplementary
conditions (3.10) and (3.12) belong to Ly, or how Lj; must be chosen to fit with
specific supplementary conditions. We only require here that (3.10) and (3.12) are
preserved in time, which leads to

DAAL Df’ Df,

where (5.15) with (5.17) was used. Both conditions are fulfilled if we have

v upD_fp —

S, + Pt = 0. (5.21)
In this sense the conditions (3.10) and (3.12) belong together (however, there may
be exceptions). This is the condition our action shall fulfill here. Notice that (5.4)
only guarantees that (3.12) is preserved in time so that the second relation in (5.20)
holds, but this does not imply (5.21). However, comparing (5.17) with (5.4) can
still be useful. Further, at the quadratic level in spin we need to fulfill (5.21) only

to linear order in spin.
It is suitable to define a new function Ras(u”, Suw, 9", G, rY

wap) Via Legendre
transformation, Ry, = Ly — %SWQ’“’. It holds

Py = afiM 7 QM — _zaRM ’ JHVaﬁ — _6& . (522)
out 8S’LLI/ 3Rfﬁ,)a5

An ansatz for Ry, then has to fulfill the condition (5.21) with (5.22) inserted. This
gives a partial differential equation for Ry;. It holds Ry = p,u#, which is a conse-
quence of the reparametrization invariance of the matter action. Notice that Ry, is
similar to the Routhian used in [107, 113, 114]. For the Routhian the Ricci rotation
part in the term %SNVQW, cf. Eq. (3.15), is not subtracted from the Lagrangian L,;.
Therefore the Routhian is not a covariant function, whereas R); introduced here is
covariant.

Due to reparametrization invariance a full Legendre transformation in u* and Q*”
leads to a vanishing result. However, as in section 2.3.2 we define a function Hy;,
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5. Higher Orders in Spin

which contains the mass-shell constraint, suitably generalized to the quadratic-in-
spin level, together with a Lagrange multiplier . It holds

H H H
it = O . o= o s N 0 - (5.23)
Op,, S aR/waﬁ

It is also possible to give an ansatz for the mass-shell constraint and thus for H,,,
directly. This ansatz must be chosen such that the condition (5.21) with (5.23)
inserted is fulfilled. Further, one may simplify the quadratic-in-spin corrections
to Hy, by using the leading order constraint p*p, = —m?, corresponding to a

redefinition of the Lagrange multiplier [112].

5.2.3. Leading Order

The coupling terms found in [107] adapted to our notation and conventions read

Cps2

1 1
Ry = —— (muuu“ — —RWY SP“Saﬁu”up + 5
m

Vg o o

It was found in [107] that these coupling terms are the most general ones at quadratic
level in spin sufficient for the next-to-leading order in the post-Newtonian approxi-
mation. Besides these terms corresponding to quadrupole deformation due to spin,
one could also treat tidal deformations, see, e.g., [93], using nonminimal couplings
in the action given in [94, 115]. With the equivalence of Riemann and Weyl tensors
within the matter action, see section 5.2.1, we can write R,; as

EY S“,,Sf”’> . (5.24)

1
[—u,u’

where @, is given by (5.11) and Cgg2 = Cy. If we set f, = p, and thus

1 1
Ry = (mu“u“ — 2—R(4) SPr S By, — §R(4) Qo"gu“u”> . (5.25)
m

pvaf apfv

ORy
Hv = /’”/— =
§"p, = S5l =0, (5.26)

we obviously reproduce (5.10) and (5.13) within the gauge u,u” = —1 by plugging

(5.25) into (5.22). Further (5.21) is fulfilled® to the considered order in spin by using
(5.2) and (5.22), i.e.,

é?RM 8RM 1 (4)
— _P.UJR
0S,, ouw 2 loeda

Ba o p4) aRM
UpS + PM RVp,BOtHO'T . (527)
OR, 50

0=-2

'One could also consider the most general ansatz for Ry and ask for which choice of f, the
condition (5.21) is fulfilled. This would allow one to study the impact of the supplementary
conditions on the dynamics.
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5.2. Action Approach

The last term is of higher order here as this condition must be fulfilled to linear
order in spin only. Notice that m depends on spin according to m = mgy+ ﬁSaBSaﬁ ,
see also (3.28). (Otherwise the Legendre transformation between L), and Rj; would
not be possible.)

An equivalent description in terms of H,;, reads

Hur — ) 2 " L @ gPr gaB v Cq H S GPBpHpY

Mr = m” + p,p + WRW&B ', — WRcwﬁv S ), (5.28)

with the action still given by (3.30). The derivation of a canonical formalism now
follows along the same lines as in chapter 3. First the matter constraints are solved.

The only difference to the linear-in-spin case arises in the mass-shell constraint,
which follows from the variation of X\. The solution of this constraint reads

Co (4)
= R, S SPPplp” 5.29
The last term was not yet split into time and space parts. This splitting leads to
quite many terms, so one should restrict to some post-Newtonian order. Though all
formulas are sufficient for the next-to-leading order, we will for simplicity only treat
the leading order in this section. Then we have

np = nf'p, = —\/m* +¥p;p; +

— C i
np = —+/ m? + f)/l]pipj - m—QNﬁyklvlm’}/]nSmSjl<Kmn,0 + N,mn) . (530)

The only contribution to the action quadratic in spin then arises from the term Nnp
in the matter Lagrangian, see (2.68). Problematic is the partial time derivative of
the extrinsic curvature. In consideration of the definition 2N K;; = —7;;0 + 2N
we see that the K, o-term produces time-derivatives of lapse and shift, as well as a
double time-derivative of 7;;. This does not fit well to the derivation of the canonical
formalism as given in chapter 3. In order to overcome these problems, we eliminate
K0 with the help of the vacuum field equations, cf. the discussion in section 5.2.1.
Finally one ends up with just a quadratic-in-spin correction H‘Snzatter to the source of
the Hamilton constraint H™" of the form

Her = g—iykl}z’?s@-ksﬂa. (5.31)
This source term is quite unusual in the sense that it is not a specific projection of
the stress-energy tensor (5.3, 5.10, 5.11), i.e., H™" £ /4T,,n#n”. This is due to
the implicit redefinition of variables performed by using the vacuum field equations
in the matter action. However, the leading order Hamiltonian resulting from this
source term is identical to the well-known one obtained in section 6.2.2. The variable
redefinitions from section 3.2.2 are still correct at the leading order. (There are no
additional terms that need to be cancelled in the action and all quadratic spin
contributions from the redefinitions in section 3.2.2 are of higher order.)
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5. Higher Orders in Spin

At the next-to-leading order the calculation gets much more involved. In particu-
lar there are more time derivatives of the extrinsic curvature that must be eliminated
and the variable redefinitions from section 3.2.2 need corrections quadratic in spin.
It is also relevant whether the field variables in the variable transformations are
taken at the new or at the old particle position. Further corrections to the canonical
field momentum seem to be necessary, too. We will therefore study an alterna-
tive derivation oriented at the symmetry generator approach from chapter 4 in the
following.

5.3. Symmetry Generator Approach

We now sketch the derivation of the canonical formalism at quadratic level in spin
via the approach from chapter 4. However, essentially only the calculation of the
source terms of the constraints as certain projections of the stress-energy tensor
is used here, the determination of canonical variables by looking at the symmetry
generators will only be touched lightly.

5.3.1. Leading Order

First we calculate the source of the field constraints as certain projections of the
stress-energy tensor (5.3, 5.10, 5.11), e.g., H™™*" = | /4T,,n*n". To leading order
we have

Hglzatter _ Z <%7ki7leaij(5a) : (532)
a skl

and no corrections appear in H**"**. The variable redefinitions found at the linear

order in spin are therefore sufficient here, as they are followed from H*** in the

symmetry generator approach. For Cg, = 1 this source term is in agreement with

the source of the Kerr metric in approximate ADM coordinates found in [116]. It

further gives the correct Hamiltonian, see section 6.2.2.

Obviously the derivation of the leading order in this section is much simpler
than the one via the action approach. But this does not need to be true at the
next-to-leading order. The problem is that it is not guaranteed that the variable
redefinitions can be uniquely fixed by just the conditions (4.30) and (4.31). The
action approach is much more systematic and should therefore be preferred at the
next-to-leading order. However, in the next section a shortcut to the next-to-leading
order Hamiltonian is described, which combines the approach of the present section
with the Poincaré algebra approach in [117].
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5.3. Symmetry Generator Approach

5.3.2. Next-to-Leading Order Static Source Terms

In [117] Hergt and Schéfer constructed the part of the next-to-leading order Hamilto-
nian that depends on p; (i.e., the nonstatic part) from an ansatz for this Hamiltonian
(together with a suitable ansatz for the source of the constraints). The coefficients
in this ansatz could be uniquely fixed up to a canonical transformation by consider-
ing the Poincaré algebra (2.10, 2.11). The degrees of freedom corresponding to the
ambiguity in the canonical representation are given by the coefficients that enter via
an ansatz for the center of mass vector GG;. However, the static (i.e., p; = 0) part of
the Hamiltonian is left completely undetermined by the Poincaré algebra approach
in [117].

In order to get the complete next-to-leading order Hamiltonian only the static
part of the Hamiltonian is missing, as well as the corresponding center of mass
vector (G;. The latter is needed to consistently fix the canonical representation of
the nonstatic part of the Hamiltonian given in [117]. Fortunately the center of mass
vector does not depend on p; at the considered order. Therefore both the static part
of the Hamiltonian and the center of mass vector are determined if we only know the
static part of the source of the constraints. For p; = 0 we get from the stress-energy
tensor (5.3, 5.10, 5.11)

M = (%v’“’v“%jéa) : (5.33)
a ikl
but no further contributions to H***** arise. Though there is no difference to (5.32),
this source term is now valid to next-to-leading order for the case p; = 0.

However, we need the source terms for the case p; = 0 and not for p; = 0. Also
position and spin variables are not yet the canonical ones and we must discuss
whether the variable redefinitions will have an impact on the source terms in the
static case. As there are no contributions to H™*" at quadratic level in spin for p; =
0, no further static contributions to the redefinition of spin and momentum variables
can arise from the conditions (4.30) and (4.31). Though static contributions to
ziAa( 1) could be necessary, they can be removed by a canonical transformation with
generator —ﬁiz"Aa( 1) (Notice that in the case p; = 0 this transformation only changes
the position variable.) Finally only the redefinitions found at the linear order in spin
are relevant and only (4.33) gives contributions in the static case. The result for the
static source finally reads

matter 1 ki i 5 1
HET =D {(57 WQaz’j‘Sa) T 3m

a skl

~

’Ymnfypj ,yql,ymi ,p’ynk ,q Saij Sakl(sa

a

(5.34)
_|_

4ma <7ij7mn7kl,m5alnsajk5a> Z:| 5
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where

 Cofme o 1 wema
Qaij: T?L (,yklsaiksaﬂ_gvij,ykl’y akmSaln) . (535)

Equation (5.34) was found for the black hole case Cg, = 1 in [17] from a 3-
dimensional covariant ansatz for HIS“Q?;EEZTO containing four coefficients. Two of these
coefficients were fixed by matching to the Kerr metric, but the other two gave no
contribution to the Hamiltonian or to the center of mass vector. One of the latter
two coefficients would also arise here if we would have kept the trace part of the
mass quadrupole, Q”,. The ansatz in [17] was generalized to arbitrary Cq, in [19].

The derivation given in this section is quite involved and it would thus be desirable
to give a more coherent one with the help of the action approach in the future. This
would also facilitate further investigations of quadrupole or higher multipole effects

with the help of canonical methods.
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In this chapter the obtained canonical formalism is applied to calculations within
the post-Newtonian approximation. In particular, the next-to-leading order spin
corrections to the conservative Hamiltonian are derived. The Hamiltonians are
checked with the help of the global Poincaré algebra.

In this chapter we make use of xTensor [118], a free package for Mathematica
[119], especially of its fast index canonicalizer based on the package xPerm [120].

6.1. Post-Newtonian Expansion

The post-Newtonian expansion of the ADM Hamiltonian has been well studied for
nonspinning objects, for the second post-Newtonian level see [121], and up to and in-
cluding the 3.5 post-Newtonian order see [34, 122-124]. From this expanded Hamil-
tonian the approximate equations of motion can be derived in a straightforward
way. In this section we derive general formulas for the ADM Hamiltonian up to and
including the formal second post-Newtonian order, which will then be applied to
calculate spin corrections to the Hamiltonian in section 6.2. Another interesting ap-
plication would be to obtain spin corrections to the post-Minkowskian Hamiltonian,
see, e.g., [125] for the nonspinning case.

Besides the ADM formalism, there are various other methods available for post-
Newtonian calculations. The equations of motion at the first post-Newtonian or-
der are due to Einstein, Infeld, and Hoffmann [126], obtained with the help of a
surface integral approach. This method got further developed and applied up to
and including the third post-Newtonian level, see, e.g., [127]. A further important
method uses point-masses in harmonic gauge, which also succeeded to derive the
third post-Newtonian order equations of motion; for a review see [5]. This method
has advantages for flux and waveform calculations, which succeeded up to the third
post-Newtonian order [128] (corresponding to the knowledge of the equations of
motion at the 5.5 post-Newtonian level, which seem to be impossible to obtain di-
rectly). Another approach in the harmonic gauge is the direct integration of the
relaxed Einstein equations, see, e.g., [129]. More recently also methods inspired by
quantum field theory were developed, see, e.g, [110, 130]. An advantage of these
methods is that some of the very sophisticated and systematic techniques for pertur-
bative calculations used in high energy physics can be applied in a straightforward
way.
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6.1.1. Review of the Formalism

We now give a short summary of the calculation of the ADM Hamiltonian. First
the field constraints

1 1 i) 2 ik,_jl matter 1 L matter
167/ VR+§(%']'7T]) = Yij VT Wj] = pmaster —S—W%’ﬂj o = H; e
(6.1)

have to be solved within the ADM transverse traceless gauge, which for the metric
leads to the decomposition

4
¢ TT
Vi = (1 T3 0j + hij” (6.2)
at least to linear order in spin. Such a solution can in general only be found in some
approximation scheme and we consider the post-Newtonian one here. Having the
decomposition (6.2) one can solve the Hamilton constraint for ¢ (this will become
obvious in the next section). Then we can calculate the ADM Hamiltonian

Hapn = ——— [ da Ao, (63
167
which must be expressed in terms of the canonical variables. It is suitable to al-
ready express the source terms H™**" and H """ in terms of the canonical matter
variables, which is done in section 6.2.1. Then no further redefinition of the matter
variables is necessary.
However, it seems to be simpler to perform the redefinition of the field momentum

after solving the constraints. As the gauge condition at linear order in spin now reads
7" =0, or, with (4.18), (4.50), and B}/ = 0,

maﬁaknsal

Oa 4
Qnﬁa(ma - nﬁa) ’ (6 )

7t = —167 Z Wiiga = —16m Z 51.3.71"673'1

the decomposition (2.51) is not valid any more. But we can still use the general
decomposition

7l = gl TT 7 4 5 (6.5)
with
B g g 1
RiITT = §TTi ke #id 3 (655 — 00, A7Y) 7 (6.6)
y . , 1 1
™ =7+ T - §5ij7~7k,k - §A_17~Tk,ijk ; (6.7)

and the vector potential is still 7 = A~!'7% ;. This can be shown by inserting (6.6,
6.7) and (2.55) into (6.5), which then turns into an identity. The new part # can
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immediately be obtained using (6.4). After the constraints have been solved using
this decomposition, we go over to the canonical field momentum 7417 by

7T = 79T 167 Z Sy ks, (6.8)
No redefinition of A;;" is needed at the linear order in spin.

6.1.2. Expansion of the Constraints

Now we expand the constraints according to the formal post-Newtonian counting
rules introduced in section 4.2.3. Notice that only the field parts ¢, 7, and 7% are
expanded, but not h;E-T and 71T The latter are still dynamical variables in the
ADM Hamiltonian and can be expanded only after their equations of motion were
obtained and solved. For the Hamilton constraint we get

1 matter 1 matter 1 matter
matter 1 matter matter ma er
—KACb =M — 5 (R0 + HE" " du ) H "y
6.10
4 (7?”)2—1@ BT (010
167 |\"®) g TG |
1 1 |1 ” 1
e ~ij ~ij ~ZJ L ) , TT
_EA@S) ~ 167 {8@2) (W(3)> +27 T3 — 16¢(2)ﬂ¢(2)»1hij (hz] k:)
1
+ fHEIéé)ztter o g (H?é;ltterqb(g) + Hr(xie)Lttergb élé)ltterqs p )
1 matter /2 matter matter
+ 61 (7‘[(4) Play + 2H (5 b2 D)) — 512 (2) 2) + (td),

(6.11)

up to and including the formal second post-Newtonian order. These equations can
be solved iteratively for ¢ by applying an inverse Laplacian to them. The ADM
Hamiltonian (6.3) results from an integration over the right-hand sides of these
equations. It was used that 7 = O (¢™?) at linear order in spin.

However, we also have to solve the momentum constraint as 7% appears on the
right-hand side of the Hamilton constraint. The expansion of the momentum con-
straint immediately follows from the exact formula

G = =8I £ BY 4 O = A (VE') + 5 e — (7 ') 55 (612)
with
1

—V’ikh;ﬂT, (6.13)

BZ] _ |:1 . (1 + %¢)4:| (ﬂ_l] + ﬂ.Z]TT> + Vk(hklj + hk’]Z h” k) 3
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C' = 57\%]k'7jk,z‘ — 1 %n (6.14)

which is analogous to (4.21). Here we introduced the alternative vector potential
Vi= (51.]- — %LaiajAl) 7 (6.15)
for which it holds 5
7=V 4 VI, — §5iij,k _ (6.16)
To the considered order we thus have

7t matter ~0 matter ~1
W(é)vj = —8rH{gy W(é)jj = —8mHE " — 5 <¢(2)7T(é)>7j . (6.17)

With the help of 7 = A~17" j» the expanded momentum constraint can be solved
iteratively for #¢ by applying an inverse Laplacian to it. #% and V? then follow from
(6.7) and (6.15).

6.1.3. Formulas for Hamiltonians

The first contribution to the ADM Hamiltonian (6.3) results from an integration
over the first relation in (6.9) as

Hy = / &Pz MG (6.18)

Notice that H?g?tter is just the Newtonian mass density, so Hy is the constant energy
belonging to the total Newtonian mass. Similarly, from the second relation in (6.9)
we obtain the Newtonian Hamiltonian

1 matter
HN = /d3l' {Ha?tter - §¢(2)H(2)tt . (619)

}(2) results from (6.9) as
G(2) = —16mMATIHEG (6.20)

and agrees up to a factor with the Newtonian gravitational potential of the mass
distribution H5§"". H{EI" is the Newtonian kinetic energy density.

Next we proceed to the Hamiltonian at the first post-Newtonian order. However,
we first apply the partial integration formulas

1 matter 1 matter 1 matter
gPOHE" = 3 ( @~ gooHE" )%) +(td),

(6.21)

1 N2 ,
— (7Y —_ 1/ matter
167 (W(3)> = VM + (td),
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to the right-hand side of (6.10), following from the formal solution

1
Gy = —16mA™H | H — ggzs@)?{?;?“er] , (6.22)
of the Hamilton constraint and from (6.16, 6.17). V(g) is determined by (6.15) and
gy = —8TATVHE (6.23)

Finally we get for the first post-Newtonian (PN) order Hamiltonian
m T 1 m r 1 m T % m T
Hipy = / 4’z {H(ﬁ‘;‘tte — 10HE" T+ 5o +V(3)%(3§;te] . (6.24)

Notice that all terms in the Hamiltonian involve matter source terms H™a'er or
HPatter and are thus integrations over delta distributions only. Further only the
Newtonian potential ¢ and the leading order vector potential V(g) need to be
determined (lapse N and shift N* are not even needed at any higher order). This
shows the efficiency of the ADM formalism in calculating the conservative post-
Newtonian dynamics.

In the same way one can obtain a formula for the second post-Newtonian Hamil-
tonian

matter 1 matter matter 1 matter
Hap' = / d*z [’H(s)“ — 5 (20 HE" + dwHE") — =0l HE
1 matter matter 7 matter
+ 51 (2P HE" + 3bdw ") + 2V His" (6.25)

1 i 2 1 T 1 T2
+ 16_7r( — @) (W(§)> - §¢(2),i¢(2),jhij +7 (hisk) :

where the partial integrations

m T m T 1 m T m r 1 m .
¢(6)H(2?)ltte = gzﬁ(g)?-[(ﬁ?tte -3 (¢%2)H(4?)ltte + ¢(2)¢(4)'H(2?)1tte ) + 6_4¢?2)H(2§Ltte
1 _i\2 1 o (6.26)
" T6r {%) (”(3)) + 504050 ] + (td),
~ij ~if i matter 1 Y 2
Ty = 16mVigy MG — §¢(2) (W(§)> + (td), (6.27)

were used. Notice that ¢ and ﬁfg) were eliminated from the Hamiltonian by
these partial integrations. Therefore no solutions to the constraints besides (6.20),
(6.22), and (6.23) have to be determined explicitly. The Hamiltonian H42M has
the additional label ADM as it still depends on the dynamical field variable A",
The elimination of hj;" from H32M leads to the matter-only Hamiltonian Hopyx and
is discussed in the next section. Further 7#%TT first appears at the formal third
post-Newtonian level.

Notice that the obtained formulas are valid for quite general source expressions
Hmatter and HMAT not only to the ones linear in spin.
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6. Results for Hamiltonians

6.1.4. Matter-Only Hamiltonian

In the last section the ADM Hamiltonian Hapy was expanded as
Hapy = Ho+ Hy + Hipx + HopM + -+ (6.28)

The conservative matter-only Hamiltonian results from plugging the solution for
hiiT and 79T into the action, Eq. (3.63) (and a subsequent elimination of emerging
higher order time derivatives of the matter variables), see [123]. As #%TT is neglected
at the considered order, the first term in (3.63) does not contribute here. Therefore
HE2M turns into the matter-only Hamiltonian Hopy by simply inserting the solution
for AT into HypM.

The field evolution can be obtained from the ADM Hamiltonian by

OhLT OH
ij _ gpTT _ TTij O ADM
oF Tt ~ijTT 1145 0 ADM (6.29)
61& = {7’('] 7HADM} = —167T5kl (Sh;f[‘lT
However, as the 7% T-contributions are of higher order here, we formally just have

0= 5TTij 5H2AP]?\IM
kl 5hElT )

(6.30)

or explicitly, given that H{"" has contributions linear in it

i 5 (f B Hx(xé?tter> .

ARG =205 fy with f);; = 167 ST - §¢(2),i¢(2),j - (6.31)
ij

Using the formal solution hiTjT = 25;5TMA’1 Jyrt, all contributions of hiTjT to Hopn
can be collected as

1 1 1 1
If one is interested in the spin contribution of this integral only, one can obviously
perform a partial integration in (6.32) in such a way that only the spin part of h;;"
is needed, see also [14]. This is desirable as the spin-dependent part of hiTjT is much
simpler than the spin-independent part.

Though the discussion of h;" was straightforward here, it is quite subtle to obtain
the post-Newtonian expansion of (6.29) at higher orders. Indeed, it is not easy to
correctly implement the boundary conditions into the solution of the first order
equations (6.29). At higher orders (6.29) can be converted into a (second order)

wave equation for hz-TjT, with source terms expanded according to the post-Newtonian
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6.2. Spin Corrections to the Hamiltonian

counting rules. In [122, 123] this wave equation is then solved order by order using
a near zone expansion of the retarded solution up to the 3.5 post-Newtonian order,
corresponding to the boundary condition of no incoming gravitational waves; see
also, e.g., [5] for other aspects like tails. Equation (6.31) is indeed the leading order
near zone approximation of the wave equation for hj;". The solution for A" at
higher orders is responsible for the half post-Newtonian orders in the matter-only
Hamiltonian, starting at the 2.5 post-Newtonian order.

6.2. Spin Corrections to the Hamiltonian

By now there are a lot of results regarding spin effects at the conservative orders
in the post-Newtonian approximation. The main goal of this section is to derive
the next-to-leading order spin effects within the developed formalism, which were
tackled only recently. Even higher post-Newtonian orders linear in spin were derived
recently in [44] for test spinning objects in the Kerr metric. Also Hamiltonians
of cubic and higher order in spin were obtained for binary black holes [44, 116,
117]. The calculation of the leading order dissipative spin-orbit and spin(1)-spin(2)
Hamiltonians was prepared in [15]. The corresponding equations of motion were
already obtained [131]; see also the considerations in terms of orbital elements in
[132].

More work needs to be done for an application of the Hamiltonians derived in this
section to gravitational wave astronomy. In particular the spin contributions to the
next-to-leading order radiation field are only known for the spin-orbit case [102], but
not yet for the spin(1)-spin(2) and spin(1)-spin(1) cases (for the latter case the stress-
energy tensor derived in chapter 5 is needed). Further, it would be useful to find
a parametrization of the orbits by solving the equations of motion, i.e., extending
the solutions from [133, 134] at least to some of the new Hamiltonians. Finally,
one should consider to incorporate the new Hamiltonians into the very successful
effective one-body approach [9], which already succeeded for the leading order spin
Hamiltonians [10] as well as for the next-to-leading order spin-orbit Hamiltonian
[11].

Formulas and regularization procedures for the integrals that need to be solved
in this section are given in, e.g., [122, 123, 135]. Some parts of the calculations were
also checked using Riesz kernels in arbitrary dimension, see, e.g., [35].

6.2.1. Field Constraints in Canonical Variables

Before starting the calculation of the Hamiltonians, it is suitable to express the
source terms of the constraints H™ " and H***" in terms of the canonical mat-
ter variables. Then the formulas provided in section 6.1.3 automatically give the
Hamiltonian (the redefinition of 71T is not necessary here). Applying the variable
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6. Results for Hamiltonians

redefinitions from section 3.2.2 to (3.39, 3.40) leads to

A @ 1 SvaiAa' S'amz'Aa'AanAa 7 ¢
Hmatter:Z{_npa5a_§( lAp]_i_,_)/mn i DPajD plA )’)/kl’)/],kda

o npa (npa)2(ma - npu,) (6 33)
—+ pa]"}/ Akle (m) 6( )l 3,1 — (L’y”'yklsajka ) :| 5
TLpa Mg — NPq K
. R o 1 oA
%?atter _ Z |:Aai(5a . Al;le(m)ke(m)l,ifsa + 5 (5:36&) j:| , (634)
where A
Qﬁalﬁa(isak)p

s = 7" Sa + 7P

nﬁa(ma - nﬁa) 7 (635)
and A" given by (3.44). These source expressions are valid in general, also within the
test-spin Hamiltonian (3.47). In the spatial symmetric gauge it holds A’;l empe ™, =
71 ., where (3.55) and (4.49) were used and ¥ is given by (4.50). Notice that
the variable redefinitions from the action approach leading to these expressions have
been checked up to and including the formal 3.5 post-Newtonian order by the sym-
metry generator approach [15]. This includes the formal third post-Newtonian or
next-to-next-to-leading order linear in spin, which for maximal spin is at the 3.5
post-Newtonian order in the spin-orbit case and at the fourth post-Newtonian order
in the spin(1)-spin(2) case. It was shown in [15] as a further check to the same level
of approximation that the wave equation for 2" following from the ADM Hamilto-
nian agrees with the Einstein equations, which again verifies that the used variables
are canonical.

The expansion of H™a"e" gufficient for the formal second post-Newtonian Hamil-
tonian reads

A2
matter N matter § : P, ¢ 1 2
H(Q)tt e Z maéa 5 H(4)tt — |: m 6(1, + pazSa(z)( )5(1 ]‘| 5 (636)

2 2m

Hmatter _ Z _ (ISCQL>25 _ f)?l (b 5’ + L N S’ N ¢ 8

(6) — 8m3 a 4ma (2) a 4mapal (l(’L)(]) (2)’] a
; (6.37)

Pa . & i 1

- Smgpazsa(z)( )6 a,j — Am, paz a(z (¢(2 ),j )

a a Iy 5 a Ag 5
HE e = Z {(p S 0 (b.)’ $2)0a + p ¢(2)5 Am, T P —

1
pazpaj hTT5

16m2 “  8m3 2m
P . g SR, :

= gaPeie J()@).50a — 35, DaiSa)(i) 2 9(2).4%
1 . . .1

+ Rpaisa(i)(j)gb(@,jéa + %pazsa hz] k5 + (td) )

(6.38)
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6.2. Spin Corrections to the Hamiltonian

where p, = (Pu;). The expansion of the source H*"r is given by (6.34) and

. y 1

3;](3) = Sa(i)(j) » 32](5) = o2 Pak (DaiSa() (k) + DajSai)(k)) - (6.39)

Notice that the triad terms in (6.34) do not contribute at the considered order.

The expansion of the static source terms needed at the spin(1)-spin(1) order follow
from (5.34) as

I]Z?tstgrp =0 Z QM)(J a,ij (6.40)

matter A I L. N
0= [ZQau)(g‘)(cﬁ@),ﬁ(z),y — 1%a0() (¢@%a).ij

a ) (6.41)
+ 875@@')(@5@(]')(@(¢(2)7z‘5a),j} ;
matter 1 A A N
B 5,m0 = — D 35— a0 Sa()(1)02).102) 0 + (t). (6.42)
and it holds
S Coa (& & 20 &
Qai)i) = -~ | Sa)®)Sati)(k) — §5ijsa : (6.43)

Here S, = (ga(i)) and S’a(i) = %eijkga(j)(k). No further contributions to H™"e" arise
in the spin(1)-spin(1) case.

6.2.2. Leading Order

The leading order spin effects are at the formal first post-Newtonian order and
their Hamiltonian can be obtained from (6.24), which of course gives the first post-
Newtonian Hamiltonian in the nonspinning case. The needed solutions of the con-

straints read
1
(1) () (E) j] ) (6.44)

i Pai 1. . A 1
Vis) = Z [27?_ — leajra,ij + Sai) () (f_) ] , (6.45)
¢ J

a

where 7, = |x — z,| and z, = (2!). The leading order (LO) spin-orbit (SO) Hamil-
tonian follows as

Hé“g_zzq (Sa X figp) {3 *Ba ] (6.46)

a b#a
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where 74, = |Zq — Zp| and Ay, = (24 — Zp)/Tap. This Hamiltonian is at the 1.5 post-
Newtonian order for maximal spins. Further, the leading order spin(a)-spin(b), or
SaSp, Hamiltonian results as

~ ~

Hgy, = Z Z 2L3 [3(Sa D) (Sp - Aap) — (Sa - Sb)| - (6.47)

For maximal spins this Hamiltonian is at the second post-Newtonian level. Finally,
the leading order spin(a)-spin(a), or S2, Hamiltonian is given by

X T s os] o

which is also at the second post-Newtonian order for maximal spins. All Hamil-
tonians in this section are valid for arbitrary many spinning objects. The Poisson
brackets are the standard canonical ones, i.e.,

{3 Paj} = 05, {Satiys Sai) } = €ijiSair) - (6.49)

zero otherwise.

The leading order spin effects derived here are well-known for black holes (Cg =
1), see, e.g., [136, 137]. For the leading order Cg-dependence see [105, 137].

6.2.3. Next-to-Leading Order

Now we proceed to the formal second post-Newtonian Hamiltonian (6.25), which
includes the next-to-leading order spin effects. There we also need the functions

2152 2mgmy Zﬁaiga(i)(j) 1 A 1
S e =) 420000 [ = .
¢(4) ; |:mafa b;ﬁza 'f'abf'a * Mg T g + Qa(z)(]) r i ’ (6 50)

a T(l

i 1 1 1 1
~1] N A~ t oo L L
7T(3) - Z |:2p‘“ (,,ﬁa) ; + 2pa] (fa) . 5z]pak ('fa) . 2pak:7“a,z]k:

. 1 - 1
— Sak)(i) (7) T atiG) (7) ) } :
a s ] a s )

Notice that there are Cg,-contributions in (6.50). We restrict to two spinning objects
in this section. The results provided here complete the knowledge of spin corrections
to the Hamiltonian up to and including the third post-Newtonian order for maximal
spins.

(6.51)
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Next-to-Leading Order Spin-Orbit

Following the method developed here, the next-to-leading order (NLO) spin-orbit
Hamiltonian results as [14]

((IA)l X Sl) . ﬁlg) |:11m2 X 5m%} i ((152 X gl) . f112>

~3 ~3

NLO __
HSO -

1
|:6m1 + 5m2:|

(P % S1) ) [5m2fo% 3(b1-b2) 303, 3(brua)(Ps o)

+ —
=2 3 2 2
D 8my 4ms] dmime 4m7

+ 3(132 : ﬁ12)2] + ((IA)2 X Sl) ' IA112) |:(f)1 ' IA)Q) + 3(f)1 ' ﬁ12>(ﬁ2 ' ﬁ12):|

21 Mo f%Q mimso m1Mms
p1 X S1)-P2) [2(P - 1 3(p -0
n ((p1 A21) p2) [ (Pz 12) _ (pl 212)} + (1 o 2)’ (6.52)
T1o myms 4my

where (1 <» 2) indicates an exchange of particle labels, and is identical to the one
derived earlier in [84]. The next-to-leading order spin-orbit case was first tackled on
the level of the equations of motion in [138] and was later rederived and improved
in [139] (both in the harmonic gauge). Within the ADM canonical formalism the
Hamiltonian HJ}© corresponding to these equations of motion was obtained in [84]
from the spin equation of motion (2.28). The linear-in-G' part of HYJC was also
derived in [116] from corresponding source terms of the constraints, similar to the
approach used here (however, in [116] the source terms were obtained from the
approximate Kerr metric in the ADM transverse traceless gauge). Very recently
derivations within the effective field theory approach also succeeded [140].

Next-to-Leading Order Spin(1)-Spin(2)
The spin(1)-spin(2), or S;S,, Hamiltonian reads [20]

Hsl,\IlLsS = 2m171127“12 % P1 X Sl) ny2)((P2 X gz) -Nyp) + %(Sl Sz)(ﬁl P2)
+6((P2 x S1) - Ra2)((P1 % S2) - fiyz) — 3(S1 - P2)(S2 - P1)
- 15(S1 . 1’112)(A2 fjo)(P1 - Nu2) (P2 - Ny2) + (Sl : 151)(A2 " P2)
—3(S1 - 112)(S2 - fan) (P1 - Po) + 3(S1 - P2)(Sa - o) (Pr - far)
+3(Sy - P1)(S1 - i) (P2 - Aan) + 3(S1 - P1)(Sa - o) (P2 - fra)
+3(S2 - P2) (St - ) (1 - friz) — 3(S1 - S2)(P1 - Do) (P2 - Apo)]
s (D1 % 80) - 802)((Br x 82) )+ (51 82)(pr )
X 3 o
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- ((152 X SQ) : ﬁlQ)((IAJQ X Sl) ) ﬁl?) - (SQ ° ﬁlQ)(Sl : IA)Q)(IA)Q : ﬁlQ)]
LSOt ma) g8y oS, - hn)(Ss - )], (6.53)

T12

and was confirmed by [114, 141]. Notice that no agreement with the result in [142]
could be found, see [20]. Indeed, the result in [142] turned out to be incomplete
20, 114].

Next-to-Leading Order Spin(1)-Spin(1)

A nonreduced potential (i.e., with the spin supplementary condition not eliminated
on the level of the potential) for the next-to-leading order spin(1)-spin(1), or S%,
dynamics is given in [107, 143]. Within the method described in section 5.3.2 an
equivalent Hamiltonian Hé\%LO will be derived here. This Hamiltonian was first given

only for the black hole case (Cg; = 1) in [17] and then generalized to arbitrary
Co1 later [19]. However, the comparison with [107, 143] was quite cumbersome.
First agreement with [107] could not even be found in the spin precession equation
[17], however, this finally succeeded after identifying a sign typo in [107], see [1§]
(all for the case Cg; = 1). After a further correction [143] full agreement was
finally found in [19], now also for arbitrary Cf;. For this comparison the potential
from [107, 143] was first transformed into a fully reduced Hamiltonian in [19] by
a Legendre transformation and an elimination of the spin supplementary condition
using Dirac brackets (2.75). Then a canonical transformation leading to our result
in [19] was searched for and found.
The result for general compact objects (including neutron stars) is [19]

m 5 3 Vo . 209 N
HEO = — { (__ + §C’Q1) (Si-P1)* + (__ - ZCQl)P?(Sl Hiyp)”

miTyg 4 3
DY S ) (S o) (S 5 5 o
+(Z—§Gmym.mg@ymﬁ@ypﬂ+(Z_?%Opﬁi
9 3 S o o .
’ (_é " 50@1) (B1- nu)?S%] * e LI (S ha)? zpés?]
s | (5 + 500 ) (e m)(S: )81 )
mirt, 5 Totet J{P2M2)51 - Th2)(51 - Pl
5. /3 3 o
- ZCQl(pl “M2) (P2 - 1) (S1 - o)™ + 2 §OQ1 (S1-P1)(S1 - P2)
3 L 2 o
+ =3+ 5C01 ) (b1 o) (81 - 0ua) (81 - Po) + (5 + 7Can ) (B1 - 2)SF
3 3 S o1 S
+ (5 - ZCQl) (p1 . n12)(p2 . n12) % + (3 — ZCQl) (pl . p2)(81 ) Il12)2:|
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m 3 A 1 N
22| (8- 560 )62+ (24 300 )81

2

The corresponding spin(2)-spin(2) Hamiltonian Hé\IgLO simply results from an ex-
2

change of particle labels. According to section 5.3.2 the linear-in-G' part was de-
rived with the help of the Poincaré algebra method from [117], while the G? part
(the last two lines) results from the source expressions (6.40-6.42) derived in the
present thesis.

Notice that for black holes (Cg; = 1) this Hamiltonian was already found in [17],
for the first time including the correct center of mass motion. Further, the earlier
result for the general case in [107, 143] is not a fully reduced Hamiltonian. The
Hamiltonian presented here is on a higher level of sophistication with advantages
for applications, e.g., the spin vectors appearing in our Hamiltonian have a constant
length and it is easier to obtain all equations of motion in terms of these “good”
spin variables.

6.2.4. Center of Mass and Poincaré Algebra

The post-Newtonian expansion of the center of mass vector

167

can be obtained from the expanded Hamilton constraint (6.9, 6.10). To the formal
second post-Newtonian order this leads to

N = / Az 2’ MG, 1PN = / &z 2’ {Hﬁ?ﬁer - gH?%?ttersb(z)} , (6.56)

i i matter 1 matter matter
2PN / tr {x (H%)“ — g (HE™ 00 + HE " ow)
1 15 (6.57)

matter ;2 1 matter i~k
toite %o+ VigHe) ) + ﬁ?/(s)”(s),k} :
For the formula for Gpy partial integrations were applied, similar as in section 6.1.3.
Notice that 7?{“3)’ .. is spin-independent. For results in the nonspinning case see [124].
The contributions to the center of mass vector corresponding to the leading order

spin Hamiltonians follow from Gipx = (G'py) as

Gi6 = 27;

(PaxS.), G&§x, =0, G =0. (6.58)

a
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From Gopy = (Ghpy) the next-to-leading order parts result as

A . \DZq+ 7 . A
NLO a
Sa Clab) T — a Sa
= |0 80 5 st <80

+ Za: ; fiab E(ﬁb x S,) — %(ﬂab X S4) (Db - Aap) (6.59)
(o 8 han =2 50 P 8,
Ggs, = : 5D [(3(Sa +A16) (Sp - ) — (Sa Sb)) f% (Sp - ngp) : J , (6.60)
o ba a a
QYo == [Cm (3681 h2)? = 81) 22 4 (14 )i
12 271y

Notice that (6.59) and (6.60) are valid for arbitrary many spinning objects, while
(6.61) holds for two objects only. For two objects GS5° was already found in [84].
Further, GNQLO simply results from an exchange of particle labels in (6.61)

Now one can check whether the Poincaré algebra (2.10, 2.11) is fulfilled, which
is indeed the case (the Hamiltonian plays of course the role of the energy E). At
the spin-orbit level this was already shown in [84]. At the spin(1)-spin(1) level this
holds by construction, as most terms of the Hamiltonian Hé\IQLO were obtained from

1
the Poincaré algebra via an ansatz in [117]. However, the fulfillment of the Poincaré

algebra provides a thorough check of HiE® and HS'O.
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7. Conclusions and Outlook

The first main goal of this thesis, the extension of the ADM canonical formalism
from nonspinning to spinning objects, succeeded to linear order in spin via an ac-
tion approach. The result was verified by an independent order-by-order derivation.
Even the extension to higher orders in spin is well understood now, but somewhat
more complicated and requires further approximations, like the post-Newtonian one.
The second main goal of this thesis, the calculation of conservative Hamiltonians for
inspiralling binaries relevant for gravitational wave astronomy, was then straight-
forward. The effort of first deriving the canonical formalism was payed off by its
efficiency in the calculation of these Hamiltonians. New results are the next-to-
leading order spin(1)-spin(2) and spin(1)-spin(1) Hamiltonians, and the spin-orbit
Hamiltonian derived earlier by Damour, Jaranowski, and Schafer was confirmed. All
Hamiltonians through the third post-Newtonian order for maximal spin are known.

The next most interesting Hamiltonian which could be calculated is the conserva-
tive next-to-next-to-leading order spin-orbit one, which is at the 3.5 post-Newtonian
level for maximally rotating objects. Notice that the verification of the canonical
formalism given in this thesis via the order-by-order construction already covered
this case. Leading order dissipative Hamiltonians are also envisaged and its cal-
culation was already prepared in [15]. For maximal spins these Hamiltonians are
even at the fourth post-Newtonian order in the spin-orbit case and at the 4.5 post-
Newtonian order in the spin(1)-spin(2) case. The extension of a recent result within
the post-Minkowskian approximation [125] to spinning objects would also be desir-
able, as it could be applied to the gravitational scattering of spinning bodies moving
at relativistic speed.

Further, more work needs to be done for an application of the new Hamiltonians
presented in this thesis to gravitational wave astronomy. In particular the spin
contributions to the next-to-leading order radiation field are only known for the
spin-orbit case [102]. This result should be extended to the spin(1)-spin(2) case, as
well as to the spin(1)-spin(1) case. For the latter the spin(1)-spin(1) contributions
to the stress-energy tensor given in this thesis are crucial. Also an implementation
of the new results given here into the very successful effective one-body approach
would be appealing.

Another though rather mathematical development for the future would be to
consider the full constraint algebra, gravitational field and supplementary conditions,
at different stages of gauge fixing, as well as a treatment using Dirac brackets; see
also [64] for the case of Dirac fields.
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A. Conventions and Symbols

The following conventions and definitions of symbols are already given in the text,
but are collected here for convenience.

Lower case Latin indices from the beginning of the alphabet (a, b, ...) label the
individual spinning objects and then consequently take on values from one to the
number of objects. Three different frames are utilized in this thesis, denoted by
different indices. Greek indices («, p, ...) refer to the coordinate frame, upper
case Latin indices from the middle of the alphabet (I, J, ...) belong to a local
Lorentz frame, and upper case Latin indices from the beginning of the alphabet (A,
B, ...) denote the so called body-fixed Lorentz frame. Lower case Latin indices
from the middle of the alphabet (i, j, ...) are used for the spatial part of the
mentioned frames and are running through ¢ = 1,2,3. In order to distinguish the
three frames when splitting them into spatial and time part, we write a = (0), ()
for Lorentz indices (or a = (0), (1), (2), (3) in more detail), A = [0], [¢] for the body-
fixed frame, and p = 0,7 for the coordinate frame. Indices appearing twice in a
product are implicitly summed over its index range, except for label indices of the
objects. Round and square brackets are also used for index symmetrization and
antisymmetrization, respectively, e.g., AW = %(A"” + A"H). Partial derivatives are
denoted by 0, or by a comma as an index . Similarly, the 4-dimensional covariant
derivative is written as |, and the induced 3-dimensional one as ;. A 3-dimensional
vector is also written in boldface, e.g., x. The signature of spacetime is taken to be
+2. Units are such that the speed of light ¢ and the gravitational constant G are
equal to one. The convention for the Riemann tensor Rfﬂﬁa is such that

4 v
Gllop — Ayljso = Ripsd” (A1)
for an arbitrary a,,, or
@) _ " P p o p
9" Roop = Viwsa = Papas T Tl @pa = Tlval (a8 (A.2)

A dot " over a symbol denotes the ordinary coordinate-time derivative %. Variations
and variational derivatives are denoted by a small delta, §, and the 4-dimensional
covariant differential by D. The Dirac delta distribution is normalized as [ dtd(¢) =
1. A number in round brackets also denotes a formal post-Newtonian order in terms
of ¢!, see section 4.2.3, and should not be confused with an index in the local
frame (the meaning should always be clear from the context). For a 3-dimensional
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antisymmetric tensor, say, J;;, we sometimes also use the corresponding vector,
Ji = %Eijkjjk-

It follows a table of symbols used in the present thesis. Symbols referring to a
spinning object may have an additional particle label (a, b, 1, 2).

Symbol  Definition

a Dimensionless Kerr parameter, can take values between 0 and 1.
a’ Vector parametrizing a constant coordinate translation.

AY Defined by (3.38).

At Defined by (3.44).

BY Defined by (6.13).

B Defined by (4.23).

By Defined by (3.54).

B,(f,l,) Magnetic part of the 4-dimensional Weyl tensor, see (5.19).
c Speed of light, usually put equal to one here.

o Defined by (6.14).

Co Parameter describing quadrupole deformation due to spin.

C (i)aﬁ 4-dimensional Weyl tensor, see (5.18).
Defined as § = 6(z° — 2°).

b Defined as 6 = d(z" — 2%).

d(a) Defined as 64y = d(a* — 2#).

dij Kronecker delta, (0,;) = diag(1,1,1).

o5 Transverse traceless projector, see (2.55).

A Laplace operator, A = 0;0;.

A1 Inverse of the Laplace operator A for usual boundary conditions.
eru Tetrad field, g, = e Iuel v The components e(;); are called triad.
€ij Triad in the symmetric gauge €ij = e() ( Vi, see (3.53).

v Antisymmetric part of e, &7 = 1(e'0) — /),

e Defined as é% = ¢(2F).

€ijk 3-dimensional Levi-Civita symbol, €, = (i — j)(j — k)(k —1)/2.
efﬁz)aﬁ 4-dimensional Levi-Civita symbol.

E Total energy of the system.

E,(f,l,) Electric part of the 4-dimensional Weyl tensor, see (5.19).

fH Timelike vector to which the spin is orthogonal, (3.12, 3.10).

o Trace part of the induced metric, see (6.2).

Vi Angle variables parametrizing a rotation.

g Determinant of the 4-dimensional metric g, .

G 4-dimensional metric.

¥ Determinant of the induced 3-dimensional metric ;;.

o Projector to the spatial hypersurfaces, see (2.38). The induced

metric of the hypersurfaces is 7;; with inverse v, vy = 67
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Symbol  Definition

G Gravitational constant, usually put equal to one here.

G Center of mass vector, G = Z'F.

G Vector notation for G°.

Dkij 3-dimensional Christoffel symbol of first kind.

F&“,}V 4-dimensional Christoffel symbol of first kind.

hit Transverse traceless part of the induced metric, see (6.2).

H General symbol for a Hamiltonian.

Hapm ADM Hamiltonian, see (3.61).

Hg Field Hamiltonian before gauge fixing, see (2.46).

Hyy Test-body Hamiltonian, see (3.47).

Hyr, Contains the mass-shell constraint, see (2.64) or (5.28).

H The Hamilton constraint H = Hfeld 4 gymatter — ()

H, The momentum constraint H,; = Hield 4 gymatter — ()

Hfield Field part of the Hamilton constraint, see (2.44).

Hfield Field part of the momentum constraint, see (2.44).

Hmatter — Matter part of the Hamilton constraint, see section 6.2.1.

Hpatter — Matter part of the momentum constraint, see section 6.2.1.

Hrmatter  Defined by (4.22).

H Quadratic-in-spin part of H ™.

I Moment of inertia of a spherical top.

JH Total angular momentum of the system, see (2.12) and (4.9).

J; Total angular momentum vector, J; = %eijkjjk .

Jhves Dixon’s quadrupole moment.

J:[(Z.’ﬁ?] Conserved angular momentum of the objects, cf. (4.15).

Jheld Field part of the total angular momentum, see (4.13).

Jigater Matter part of the total angular momentum, see (4.12).

k; Fourier space coordinate belonging to z".

k Vector notation for k;.

K;; Extrinsic curvature of the spatial hypersurfaces, see (2.39).

A Lagrange multiplier for the mass-shell constraint.

Aij Antisymmetric Lagrange multiplier, see (3.52).

Ly Matter Lagrangian.

Lg Field Lagrangian density, see (2.36, 2.40, 2.43).

Las Matter Lagrangian density.

AAT Lorentz matrix connecting body-fixed frame and local Lorentz
frame. A1) is a rotation matrix in the Newtonian limit.

AG) Canonical rotation matrix defined by (3.43).

m Mass-like parameter, identical to the dynamical mass \/—p,p"
at linear order in spin.

mo Constant mass-like parameter in the spin Lagrangian, see (3.26).
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Symbol  Definition

My Dynamical mass at quadratic level in spin, mg = —pup*.
M Total mass of the system, M?* = —P, P~

nt Normal vector to the spatial hypersurfaces, see (2.37).

ﬁab Defined by ﬁab = (ia - ib)/TA’ab.

np Defined by np = n*p,, see (3.32) or (5.30).

np Defined by np = —\/m? 4+ ~4p;p;.

nS; Defined by nS; = n#S,;, see (3.33) and also (3.42).

N Lapse function, see (2.37).

Nt Shift vector, see (2.37).

Wi Antisymmetric matrix parametrizing a constant rotation.
Wil As w' | but rotates the body-fixed frame, see (4.14).

WuU Ricci rotation coefficients, e[aeww#” = —Fgﬂu + eKa,ueKﬁ.
Qv Antisymmetric angular velocity tensor, see (3.15). Contains the

usual angular velocity tensor Q¥ in the Newtonian limit.

QOG) Antisymmetric angular velocity tensor, Q00 = /AX[H @ ARG

Py Linear momentum of the object, see (2.31) or (5.4).
Di Canonical momentum conjugate to 2%,
P Vector notation for p;.
Y Canonical conjugate to the angle variables ;.
P, Total linear momentum, Py = —F and P; = Pfield 4 pmatter,
pfeld Field part of the total linear momentum, see (4.11).
pratter— Matter part of the total linear momentum, see (4.10).
P, The projector P, = g, — #f“f”.
,Pij Defined by (215)
i Canonical field momentum in the nonspinning case, see (2.41).
i TT Transverse traceless part of 7%, see (6.5, 6.6).
T Spin correction to the canonical field momentum, see (4.18).
7l Vector potential for 7, see (6.7).
7 Vector potential part of 7%, see (6.5, 6.7).
7 Trace part of 7, see (6.5, 6.6).
i Canonical field momentum, see (3.58).
FUTT Transverse traceless part of 7%, see (3.60).
7 Vector potential for 7%, see (3.60).
7 Longitudinal part of 7%, see (3.60).
7@ Canonical conjugate to the triad, see (3.50).
QH Mass quadrupole part of J**5 see (5.6).
Qi Defined by (5.35).
STF Traceless part of Q*, see (5.9).

uv
Qrve Flow quadrupole part of J## see (5.6).
Qrves Stress quadrupole part of J#*#  see (5.6).
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Symbol  Definition

r Relative distance of the components of a binary.

Tq Defined by 7, = |x — 2,/

Tab Defined by 7oy = |Zg — Zp)-

R 3-dimensional Ricci scalar, R = 7YR;;.

R® 4-dimensional Ricci scalar, R = g‘“’R(4)

Ri; 3-dimensional Ricci tensor, R;; = ZRZW

Rffy) 4-dimensional Ricci tensor, REL = gaﬁRMWﬁ

Rijki 3-dimensional Riemann tensor.

R‘;(:ly)aﬁ 4-dimensional Riemann tensor.

% Defined by (4.30), see also (6.35).

S Spin length, 25% = S#S,,, = +*4715,;Sy;.

SHY Spin tensor, either general or restricted to (2.32).

Srw Canonical spin tensor, see (2. 19) or (3.49).

g(i) Canonical spin vector, S (i) = e”kS (k)-

S Canonical spin vector, S = (S( ) with S' = %eiij(j)(k)

Shv Spin tensor belongmg to the condltlo (2.6).

t Time coordinate, 2° =t or 2° = t.

T Worldline parameter, sometimes chosen to be the proper time.
v Multipole moments defined by the ansatz (2.26).

5617 Independent antisymmetric variation for A47, 667 = A T6A47.
o Stress-energy tensor.

(td) Denotes a total divergence.

ut 4-velocity, u* = %.

v Relative velocity of a binary.

Ve Alternative vector potential for 7, see (6.15, 6.16).

Vv Alternative vector potential for 7%, see (4.24, 4.25).

w Total action, W = Wg + W)y,.

We Einstein-Hilbert (gravitational) action, see (2.36).

W Matter part of the action W.

xH Spacetime coordinates, 2° = t.

X Vector notation for z'.

2k Worldline function, 2° =

2 Canonical position Varlable.

Z Vector notation for 2°.

24 Possible correction to the canonical position 2, see (4.34).

zH Center of inertia of the system, belonging to the condition (2.5).
Zn Center of mass of the system, belonging to the condition (2.6).
Zn Center of spin of the system, belonging to the condition (2.7).
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