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(3+1)-Decomposition

@ Normal vector:
n#:(—N,O,()’O)’ n#:%(‘I,—NI’), nun“:—1

@ Projector:

00 :
?’”VZQ“VJrn“nV:(O V")’ 9 =%, vY'=3§

@ Extrinsic curvature:
Kij = —nj

o = AP PP
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Point-Mass Action in ADM Form

W= /dtp,z +/d4 {x!y,o—H]
H= / d*x(NA# — N o) + Ely;]

@ Constraint equations:

1 2 o
0= =— (Yl ) }’ij}’k/ﬂlkﬂj/] + ypmatter

167t\fy{
0:%5 ﬁ/yljﬂ ;k_’_t%pimatter

@ Source terms are related to the stress-energy tensor THV:

ypmatter — \ﬁ’Tyvnﬂn =./m2+ Yi/’pl.pj S

%matter \/77-"}” _ P/5
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Spin in Special Relativity

fast & heavy @ Spin is a 4-tensor S*V:
e Spinis S¥ = ¢glks,.
e Mass dipole related to S™.
@ Different mass centers.
@ Need spin supplementary condition:
o Maller SSC: 540 =0
e Covariant SSC: S*Vp, =0
o Newton-Wigner (canonical) SSC:

slow & light m&H0 4 §4vp, — 0
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Non-Relativistic Spherical Top

without center-of-mass motion

@ Body fixed coordinates zl1:  Z/(t) = Ryi(1)2U,  RyqiRyg; = 8
@ Angular velocity tensor: Q¥ = g Q% = Ryq; Ry

. _ aL
@ Spintensor: §;= Qﬁ

@ Legendre transformed:
1 §
L= 55,0 ~HIR;. S

@ Usual Poisson brackets for the spin:

(51,5} = e S«
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Relativistic Spherical Top

E.g., Hanson and Regge (1974)

@ No rigid bodies.

@ Mathematical abstraction: Top is
o Worldline with Lorentz-matrix Aay:  n*BAguAgy = Nuy
o Mgy is pure rotation in rest-frame:  All“p, =0

d/\Av
@ Angular velocity tensor: Q*Y = A4# e
. . aL

@ Associated SSC: S;,p"* =0
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Minimal Coupling

@ Variate A" and tetrad e,y
MalN'b=Nap 86 =—80ap=NA20Mcp
@ Matter Lagrangian density and constraints:

1
L= /df |:,O“U“+2Sabﬂab:| 5(4)

d/\Ab
dt

D/\Ab
Qab:AAa = :/\Aa [

—AACw“Cbu“]
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Result of Variation

@ Approximated linear in spin.
@ Field equations with stress-energy tensor (Mathisson, Tulczyjew):

v—g T :/dT [mu“uv6(4)—(S“(“uv)6(4))”a

@ EOM (Mathisson, Papapetrou):

DS*v
dr

Doy _

1an
dt ES VUYR“WA

0,
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Reduction of the Matter Part

@ Solve matter constraints, Schwinger time gauge e(g), =y, T= 1.
@ Variable redefinitions:

S nS! -
z:z_mfm”w:_“ﬂ+wmm

nS; nS; i 5,
Sj=8— 2 B ns, — _Per?Si
m-—-np m-— np m
1G) — Alilk) _ M Akl l & m
A A <5k/+ m(m— np)) s YK YA 28,,4_ Ao(m = o)
1 nS; )

@ Matter Lagrangian density now, with Q()0) = A[k](')ﬂlk]U),

.iﬂM:Aije(k),' ( )6—|—p,z 5—1— S )( 5 N%matter Nl%matter
H S
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ADM Formalism with Spin

@ Legendre transformation for gravitational field.
@ Spatial symmetric gauge (Kibble 1963): e(jy; = ; = ;i
ek ="k = (&j)=1/(¥)

@ Action:
1 r 1. e
W = 167_[/d4X7tU’}/,j7o+/dt|:p,'Z’+28(;)U)Q(l)(/)—H:|
H= / d®x(NA# — N/ )+ Ely;)

@ Canonical field momentum:

Al =7l + 87ADS +167B], AN S
a“:'m/ aemi

2B} = - shizs
" ow o o =
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Next-to-Leading Order (NLO) Spin-Orbit

See also: Tagoshi, Ohashi, Owen (2001); Faye, Blanchet, Buonanno (2006)
Hamiltonian first derived: Damour, Jaranowski, and Schafer (2008)

n ((P2 x S1) -Ay2) {(51 -P2) n 3(Pp1

3(p1-P2)  3P3

((P1 xS1) A1) [5”72!3?

2, 8m3 4m? 4mymp
n 3(P1-f12)(P2-fi12) | 3(P2-f12)?
2 2
4m1 mymo

-Aq2)(P2 - Ayp)
?122 mymo mymo

L (B x$1)-Pe) [2(f>2-ﬁ12) 3 ~ﬁ12)}

7 mym 4mg
_((B1 xS1)-fr2) 11m2+5m§

?%32 2 my
+—((p2><;1)'n12) {6m1 + 15m2] +(1e2)

12
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NLO Spin{-Spins

Partial result: Porto and Rothstein (2006)

NLO _

S8, = S [3((B1 xS1)-Ar2)((P2 x S2) - Ar2) + 5(S1-S2)(P1 - B2)

2mymo

+6((B2 x S1) - A12)((B1 x S2) - Ar2) — 5(S1-P2)(S2 - B1)
2)(P1-A12) (B2 i) + (81 B1)(S2- B2
(S4 -ﬁ12)(-§'2'ﬁ )(fJ B2) +3(S1 - B2)(S2 - fir2) (P4 'ﬁ12
+3(82-P1)(S1-Ar2) (P2 - Ar2) +3(S1 - P1)(S2 - firz) (P2 - vz
+3(52-P2)(S1 - hr2)(Pr - firz) —3(S1 - S2)(Pr - Airz) (P2

S1)-A12)((P1 x S2) - Ar2)

-
()
> —
firg
=
=
N
~—
—
=>
v
—~

>
W
—_
—
—
>
=
X

+(81-82)(P1-A12)? — (81 -A12)(S2-P1) (1 - Ar2)]

+ [~ ((P2 x S2) - A12)((P2 x S1) - Arz)

e,

+(81-82)(P2-A12)® — (S2-A12)(S1 - P2) (P2 - fi12)] 7

+ AT (8. 85) - 2(8,; o) (82 )] Sty
P
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Higher Orders and Radiation Reaction

@ Next-to-next-to-leading order (J. Hartung):

e Very similar to calculation of the 3PN point-mass Hamiltonian.
e Requires dimensional regularization.

@ Radiation reaction from interaction Hamiltonian (with H. Wang):

H™ = 11@ [éx {(B(w +Biey) hj — ml%”(mf "er (h}T)z 292 (] k)

ST
( ¢(2)l ”( )matter) Y }

S ( f d3 X e}iﬂ(gl)atter) 1

Biayj=161——% Tt g@.%@.
3 tt 1 tt tt k
b 16t U (A A 0 2 )) 0
®)j = ShIT 4 714)¥(2)0

3 5 ~fK ~k ~ 1
+ 59249205 + 5792)92).9(2) + 2F(3) (”mi @)k ) + 21y Vi) + 5 2" (s ”(3) K
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