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@ 'ntroduction
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Canonical Formulations

@ Why?
o Compact objects with spin interesting for GW astronomy.
e Canonical formalism efficient for calculating conservative dynamics.
o Consistency check . ..
@ Spinning test-bodies coupled to gravity:
e H. P Kinzle, JMP 13, 739 (1972).

e K. Yee and M. Bander, PRD 48, 2797 (1993).
e E. Barausse, E. Racine, and A. Buonanno, PRD 80, 104025 (2009).

@ Dirac field coupled to gravity:
e P. A. M. Dirac, in Recent Developments in GR (1962).
T. W. B. Kibble, JMP 4, 1433 (1963).
S. Deser and C. J. Isham, PRD 14, 2505 (1976).
J. Geheniau and M. Henneaux, GRG 8, 611 (1977).
J. E. Nelson and C. Teitelboim, Ann. Phys. (N.Y.) 116, 86 (1978).
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Spin in Special Relativity

fast & heavy @ Spin is a 4-tensor S*V:
e Spinis ¥ = ¢S,
e Mass dipole is S.
@ Different mass centers.
@ Need spin supplementary condition (SSC):
o Maller SSC: 540 =0
@ Covariant SSC: S*Vp, =0
o Newton-Wigner (canonical) SSC:
mSH0 + S*Vp, =0
@ In covariant SSC, with position z:
Sij pisoj _ p/'30i

i Sf
{Zﬂz}_mg m2p0 )

slow & light

@ In Newton-Wigner SSC:
{20} =8;. {5.5} = ¢S« “gw
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o Maller SSC: 540 =0
@ Covariant SSC: S*Vp, =0
o Newton-Wigner (canonical) SSC:
mS*0 + S*Vp, =0
@ In covariant SSC, with position z:
- Si IS0/ _ pf g0i
{Zlazl}zig_p 2‘3’ )
m mep
@ In Newton-Wigner SSC:

{2y =8, {5.5}=enS ShES
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(3+1)-Decomposition

@ Normal vector:
n#:(—N,O,()’O)’ n#:%(‘I,—NI’), nun“:—1

@ Projector:

00 :
?’”VZQ“VJrn“nV:(O V")’ 9 =%, vY'=3§

@ Extrinsic curvature:
Kij = —nj

o = AP PP
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Point-Mass Action in ADM Form

W= /dtp,z +/d4 {nfylo—H]

H= /dsx(Nt%”f NI ) + @fdzs/(yw — )

ADM energy E[y]

@ Constraint equations:

1 1
— = _ — ” _ /I aomatter
0=x= 16EW[YR+2(Y’/7[) y,yk,n n] +
1 .
0= = 7%jnlk;k+v%;matter

8n
@ Source terms are related to the stress-energy tensor THV:

A = Sy Tyuntn = \/m2 +yipp; &

%matter = _\ﬁ'Tivn :,D,' -
S= 5(Xi —Zf) 7¥W
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ADM Canonical Formalism

@ Hamiltonian without gauge fixing:

HIZ' pr. '] = [ dPx(No# =N 587) + Elty)

1
Eln) = g § 9S00~ 00)

@ ADM Hamiltonian (Hamiltonian in ADMTT gauge)
= ADM energy depending on canonical variables:

' i 1
Haow = L' pi i ] = — 3= [ a*x a9
1\ )
v = <1+8¢) S+, a =0

@ Matter only Hamiltonian: Elimination of h;T and il
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9 Action Approach
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Non-Relativistic Spherical Top

without center-of-mass motion

@ Body fixed coordinates zUl:  Z/(t) = Api() 2V,  Apqil\j = 8
@ Angular velocity tensor: Q7 = g Q% = Ayqil\;
oL

o900
@ Legendre transformed:

@ Spintensor: S;=

1 .
L= 55,07~ H[\y;. S

@ Trick: Use 66; = —386;; = A\)i0/\); as independent variations.
@ Usual Poisson brackets for the spin:

(51,5} = e S«
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Relativistic Spherical Top

E.g., Hanson and Regge (1974)

@ No rigid bodies.

@ Mathematical abstraction: Top is
o Worldline with Lorentz-matrix Aay:  n*BAguAgy = Nuy
o Mgy is pure rotation in rest-frame:  All“p, =0

d/\Av
@ Angular velocity tensor: Q*Y = A4# e
. . aL

@ Associated SSC: S;,p"* =0
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Minimal Coupling

@ Matter Lagrangian density and constraints:

1
L= /dT |:,0“Uu+zsabﬂab:| 5(4)

D /\Ab 2 d /\Ab
N dt

Sap®=0, Ap,=0, p,p*+m?=0
@ Problem with metric variation:
Ay =Guv & YW+ %l = 20y
@ Variate A" and tetrad ey, A%, = Mgy
Mal\'o=TNa YaVo+ Yo¥a=2Na

80 = —50, = A28 cp sHize
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Result of Variation

@ Approximated linear in spin.
@ Field equations with stress-energy tensor (Mathisson, Tulczyjew):

v—3g ™ :/d’L' {mu“uV6(4) —(S“(“uv)6(4))“a}
Say = 8(xH = 21)
@ EOM (Mathisson, Papapetrou):

D™ Do _
dr 7 dt

T
ES VUYRNWA

V —_—
Ilv

@ Original derivation: Evaluate T" 0 with ansatz

V—gTH" = /d‘L’ |:t“v5(4) +(t“va5(4))||a
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Reduction of the Matter Part

@ Solve matter constraints, Schwinger time gauge e(g), =y, T= 1.
@ Variable redefinitions:

S nS! -
z:z_mfm”w:_“ﬂ+wmm

nS; nS; i 5,
Sj=8— 2 B ns, — _Per?Si
m-—-np m-— np m
1G) — Alilk) _ M Akl l & m
A A <5k/+ m(m— np)) s YK YA 28,,4_ Ao(m = o)
1 nS; )

@ Matter Lagrangian density now, with Q()0) = A[k](')ﬂlk]U),

.iﬂM:Aije(k),' ( )6—|—p,z 5—1— S )( 5 N%matter Nl%matter
H S
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ADM Formalism with Spin

@ Legendre transformation for gravitational field.
@ Spatial symmetric gauge (Kibble 1963): e(;; = € = ;i
eiek =Yk = (€j)=+/(%)
@ Action:
1 4 ni s 14 N
W = @/d x7r”y,-,-70+/dt[p,-z’+28(,-)(/-)9(’)(/)—H]
H= / d*x(NA — N' ) + Ely)
@ Canonical field momentum:

Al =l 1 8xADS +1678] AKIS
&em, 8emk

ZBU =€ k —e / e
kI m 0 ,}/U m a,}/u %fgwc«
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Full Reduction

@ Solve field constraints in ADMTT gauge.
@ Fully reduced action:

W= 16 /d4 Al hlj0+/dt [p,Z + = S,)(j)Q ) — HADM:|

HADM = E[Z ’phs(l)( )7h/j ) IITT]

@ Fundamental equal-time Poisson brackets:

{20y =8, {S4) Sy} = &inS
{hjT(x, 1), A5 (X, 1)} = 1675 W 5(x — X')

@ Valid to all orders linear in spin.
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Conserved Quantities

@ Energy: E = Hapm
@ Total linear and angular momentum

Pi = Zpa/ T6n /d3 i
Jj= ; 20Daj — 2LPai) + Z Sai))
-11@ [ x (T — X # BT
<6 [ xR — A HT)

@ Boost: JO=Ki =G —tP!
With center-of-mass vector:

G = 1(137r/d3xx’A¢

Jan Steinhoff (FSU Jena) Canonical formulation of spin in GR Vienna, August 23rd, 2010 16/30



Stress-Energy-Tensor Algebra (Minkowski)

{7 (%), (X' )} = =A™ (X) Sxxr j — 7 (X ) Oxw
{7 (x), A™(X)} = =™ (X) Sxxrj — Tjj(X') Sxx
{%m(x)v%m(x/)} = _%m(x) 5xx’,/ - c%?m(xl) 5xx’,j+ anacly [hinjq(x) 5xx’}
2 PuSinZiiPa) | <iPuSiaZpibn] 5
Rinig(X) = | — Sgyn P i — 8M 2 - M= LUy P
injq(X) (i (M= np) (M= np)
_ Pib
Py =8 #

%m(x) — -,-007 %m(x) — TOi

@ Local version of the Poincaré algerbra.
@ Minkowski limit of the gravitational constraint algebra.
@ Dirac field also has hjnjq(x) # 0.
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e Order-by-Order Construction
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Order-by-Order Construction

@ Hamiltonian = energy depending on canonical variables.
@ Need to find canonical variables!
@ Relate symmetry generators

Pi = Zﬁai + Plf,ield , Ji = Z [eﬁkééﬁak + éa(/)] 4 J}field
a a

with surface integrals at spatial infinity.
@ Global Poincaré algebra:

{P;,P;} =0, {Pi,H} =0, {Ji,H} =0
{J,Pi} =ewPr., {JiJj} =¢jdk,  {Ji,Gj} = &G

{Gi, P} = HSy, {Gi,H} =P;, {Gi, Gj} = —¢jick
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Symmetry Generators

@ ADM gauge conditions invariant under
x' s x'+ad+oix, a=const, wl=oll=const
@ Matter variables transform as
2h— 2h+d + ol
Pai — Pai+ wij,baj
Satii) — Saiyg) + @ Samy(j) + @ Sa(iy(m)
@ Construct generators P; and J; such that
A— A+ 30" {A i} + a{A P}

N 9P, o
= Oi={2,.P}= ﬁ = P=Y pa+ Pl
a

al

@ Similarly

Ji=), [féﬁaj — 2hpai+ éa(i)(j)} +Jje ShES
~ -
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Canonical Variables at 2PN

o Calculate sz
%matter \/77-“/”

@ Define canonical momentum p; as:
i\)i — / d3x %matter

@ Define spin S,'j = €ik) ej(,)ek,mé(m) such that §2 = const.
@ Z and e fixed by

Jj=2'0j— 2pi + €jmS(m) = / P (x! gmater — xI ygmatter)
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e Results Linear in Spin
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Next-to-Leading Order (NLO) Spin-Orbit

See also: Tagoshi, Ohashi, Owen (2001); Faye, Blanchet, Buonanno (2006)
Hamiltonian first derived: Damour, Jaranowski, and Schafer (2008)

pNo _  ((P1xSy)-fez) 5mp?  3(P1-P2)  3P3
8m3 4m? 4mymy

n 3(P1-Ay2)(P2-h12) n 3(P2 - f12)?
2 2
4m1 mymo

n ((P2 x S1) -Ay2) {(51 -P2) n 3(Pp1 -ﬁ12)(ﬁ2-ﬁ12)}
?122 mymo mymo

L (B x$1)-Pe) [2(f>2-ﬁ12) 3 ~ﬁ12)}

7 mym 4mg
_((B1 xS1)-fr2) 11m2+5m§

?%32 2 my
+—((p2><;1)'n12) {6m1 + 15m2] +(1e2)

12
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NLO Spin{-Spins

Partial result: Porto and Rothstein (2006)

NLO _

S8, = S [3((B1 xS1)-Ar2)((P2 x S2) - Ar2) + 5(S1-S2)(P1 - B2)

2mymo

+6((B2 x S1) - A12)((B1 x S2) - Ar2) — 5(S1-P2)(S2 - B1)
2)(P1-A12) (B2 i) + (81 B1)(S2- B2
(S4 -ﬁ12)(-§'2'ﬁ )(fJ B2) +3(S1 - B2)(S2 - fir2) (P4 'ﬁ12
+3(82-P1)(S1-Ar2) (P2 - Ar2) +3(S1 - P1)(S2 - firz) (P2 - vz
+3(52-P2)(S1 - hr2)(Pr - firz) —3(S1 - S2)(Pr - Airz) (P2

S1)-A12)((P1 x S2) - Ar2)

-
()
> —
firg
=
=
N
~—
—
=>
v
—~

>
W
—_
—
—
>
=
X

+(81-82)(P1-A12)? — (81 -A12)(S2-P1) (1 - Ar2)]

+ [~ ((P2 x S2) - A12)((P2 x S1) - Arz)

e,

+(81-82)(P2-A12)® — (S2-A12)(S1 - P2) (P2 - fi12)] 7

+ AT (8. 85) - 2(8,; o) (82 )] Sty
P
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NLO Center of Mass

b+#a ab
A 2a+2
(B x 8a)-Pap) 2 "}
I'ab

1 A A A A 2 . .S
EEEM) {[o(8s-Aus)(8o o)~ (8 80)] 22+ (8- 3 |
a

= Poincaré algebra is fulfilled.
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e Higher Orders in Spin
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The Stress-Energy Tensor with Quadrupole

@ Ansatz:
J—gT" = / dt [t“v5(4) + (1Y 8a)) o+ (VP 5(4))043]

@ Evaluate T“HVV =0: (with D. Puetzfeld)

D(S#v) _ opnlu,,v] 4 (1 vlpBa
Dr 2p u-+ §R pﬁOtJ
Dp, 1 1
Dr = 2 Ruepat’ S~ gRuppan

1
V=gTH = / dt [u(“pv)5(4) + 5R(gMJV)PW5(4)

2
+ (U 8% 54) o — 5 (S V5(4))I(aﬁ)}

AN

Jan Steinhoff (FSU Jena) Canonical formulation of spin in GR Vienna, August 23rd, 2010 27/30



Quadrupole Deformation due to Spin

@ Mass quadrupole Q"":
JveBa — g v qellB o]

@ Spin-squared ansatz for Q*":
C 1

@ For black holes Cq = 1.
° Comparison with EFT approach (Porto, Rothstein, 2008):

I - 15 oucgap Y Yp u¥ Up _1 (4) af utuY
Lo = g s 3R
SSC preserving quadrupole deformation
JHvob — _g 3(L43)2 Bailey, Israel (1975)
aRuvaB
@ Kj in matter action problematic for canonical formulation. = ¥
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NLO Spin{-Spin4 for Black Holes and Neutron Stars

15 9 3 ) 5 5 X
pNLO _ M2 {(777 > A A (777 >A22
s mer, [\ 4 Ca ) (p1-012)(S1-M12)(S1-P1) + 5 — ; Ca | PTS

9 A A 21 9 A0/ A&
+ <f§ + §CQ> (P1-A12)°8% + (*g + ZCQ> p3(S1 -fr2)?

5 3 C 9
+( 7+§C )(31 P1)} Qra {492(51 n12)2—7p232}

’ mymaly,
m12A132 [< g 2 >(ﬁ2-ﬁ12)(s1 f12)(S1-B1)
< or2° >(p‘ “12)(§"ﬁm)(érﬁzﬁ(*g%w) (B1-B2)$]

v (g_%o) (br-va)pe - 102)8% + (3- 5 Co ) (br-Ba)(S e
**Co(m fi12)(B2 - fir2)(S1 - fii2)® + (gfgco) (S1-B1)(S- P2)}
”:TKHECQ) 8- <3+ §Co> (S ‘ﬁm)z}

2
m3

= {(1+200)327(1+ecc,)(s1 n12)}
12

mr.
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