
Canonical formulation of spin in general relativity
and application to post-Newtonian approximations

Jan Steinhoff Steven Hergt Gerhard Schäfer
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Canonical Formulations

Why?
Compact objects with spin interesting for GW astronomy.
Canonical formalism efficient for calculating conservative dynamics.
Consistency check . . .

Spinning test-bodies coupled to gravity:
H. P. Künzle, JMP 13, 739 (1972).
K. Yee and M. Bander, PRD 48, 2797 (1993).
E. Barausse, E. Racine, and A. Buonanno, PRD 80, 104025 (2009).

Dirac field coupled to gravity:
P. A. M. Dirac, in Recent Developments in GR (1962).
T. W. B. Kibble, JMP 4, 1433 (1963).
S. Deser and C. J. Isham, PRD 14, 2505 (1976).
J. Geheniau and M. Henneaux, GRG 8, 611 (1977).
J. E. Nelson and C. Teitelboim, Ann. Phys. (N.Y.) 116, 86 (1978).
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Spin in Special Relativity

fast & heavy

slow & light

∆xv

spin

Spin is a 4-tensor Sµν :
Spin is Sij = ε ijk Sk .
Mass dipole is Si0.

Different mass centers.
Need spin supplementary condition (SSC):

Møller SSC: S̃µ0 = 0
Covariant SSC: Sµνpν = 0
Newton-Wigner (canonical) SSC:
mŜµ0 + Ŝµνpν = 0

In covariant SSC, with position z:

{z i ,z j}=
Sij

m2 −
piS0j −pjS0i

m2p0 , . . .

In Newton-Wigner SSC:

{ẑ i ,pj}= δij , {Ŝi , Ŝj}= εijk Ŝk
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Spin in Special Relativity

ẑ p̂

Spin is a 4-tensor Sµν :
Spin is Sij = ε ijk Sk .
Mass dipole is Si0.

Different mass centers.
Need spin supplementary condition (SSC):

Møller SSC: S̃µ0 = 0
Covariant SSC: Sµνpν = 0
Newton-Wigner (canonical) SSC:
mŜµ0 + Ŝµνpν = 0

In covariant SSC, with position z:

{z i ,z j}=
Sij

m2 −
piS0j −pjS0i

m2p0 , . . .

In Newton-Wigner SSC:

{ẑ i ,pj}= δij , {Ŝi , Ŝj}= εijk Ŝk
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(3+1)-Decomposition

Normal vector:

nµ = (−N,0,0,0) , nµ =
1
N

(1,−N i) , nµnµ =−1

Projector:

γ
µν = gµν + nµnν =

(
0 0
0 γ ij

)
, gij = γij , γik γ

kj = δij

Extrinsic curvature:
Kij ≡−n(i ||j)

π
ij =−

√
γ(γ

ik
γ

lj − γ
ij
γ

kl)Kkl
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Point-Mass Action in ADM Form

W =
∫

dt pi ż i +
∫

d4x
[

1
16π

π
ij
γij ,0−H

]
H =

∫
d3x(NH −N iHi ) +

1
16π

∮
d2si (γij ,j − γjj ,i )︸ ︷︷ ︸

ADM energy E [γij ]

Constraint equations:

0 = H ≡− 1
16π
√

γ

[
γR +

1
2

(
γijπ

ij
)2
− γijγklπ

ik
π

jl
]

+H matter

0 = Hi ≡
1

8π
γijπ

jk
;k +H matter

i

Source terms are related to the stress-energy tensor T µν :

H matter ≡
√

γTµνnµnν =
√

m2 + γ ijpipj δ

H matter
i ≡−

√
γTiνnν = piδ

δ ≡ δ(x i −z i )
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ADM Canonical Formalism

Hamiltonian without gauge fixing:

H[z i ,pi ,γij ,π
ij ] =

∫
d3x(NH −N iHi) + E [γij ]

E [γij ] =
1

16π

∮
d2si(γij ,j − γjj ,i)

ADM Hamiltonian (Hamiltonian in ADMTT gauge)
=̂ ADM energy depending on canonical variables:

HADM = E [z i ,pi ,hTT
ij ,π ij

TT] =− 1
16π

∫
d3x∆φ

γij =

(
1 +

1
8

φ

)4

δij + hTT
ij , π

ii = 0

Matter only Hamiltonian: Elimination of hTT
ij and π

ij
TT.
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Non-Relativistic Spherical Top
without center-of-mass motion

Body fixed coordinates z [i]: z i(t) = Λ[j]i(t)z [j], Λ[k ]iΛ[k ]j = δij

Angular velocity tensor: Ωij = εijk Ωk = Λ[k ]i Λ̇[k ]j

Spin tensor: Sij = 2
∂L

∂ Ωij

Legendre transformed:

L =
1
2

SijΩ
ij −H[Λ[i]j ,Sij ]

Trick: Use δθij =−δθji = Λ[k ]iδ Λ[k ]j as independent variations.
Usual Poisson brackets for the spin:

{Ŝi , Ŝj}= εijk Ŝk
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Relativistic Spherical Top
E.g., Hanson and Regge (1974)

No rigid bodies.
Mathematical abstraction: Top is

Worldline with Lorentz-matrix ΛAµ : ηABΛAµ ΛBν = ηµν

ΛAµ is pure rotation in rest-frame: Λ[i]µpµ = 0

Angular velocity tensor: Ωµν = ΛA
µ dΛAν

dτ

Spin tensor: Sµν = 2
∂L

∂ Ωµν

Associated SSC: Sµνpµ = 0
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Minimal Coupling
Matter Lagrangian density and constraints:

LM =
∫

dτ

[
pµuµ +

1
2

SabΩab
]

δ(4)

Ωab = ΛA
a DΛAb

dτ
= ΛA

a
[

dΛAb

dτ
−ΛA

cωµ
cbuµ

]
Sabpb = 0 , Λ[i]apa = 0 , pµpµ + m2 = 0

Problem with metric variation:

ΛAµ ΛA
ν = gµν ↔ γµγν + γνγµ = 2gµν

Variate ΛAa and tetrad eaµ , ΛA
µ = ΛAaeaµ :

ΛAaΛA
b = ηab ↔ γaγb + γbγa = 2ηab

δθab =−δθab = ΛC
aδ ΛCb
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Result of Variation

Approximated linear in spin.
Field equations with stress-energy tensor (Mathisson, Tulczyjew):

√
−g T µν =

∫
dτ

[
muµuν

δ(4)− (Sα(µuν)
δ(4))||α

]
δ(4) ≡ δ(xµ −zµ )

EOM (Mathisson, Papapetrou):

DSµν

dτ
= 0 ,

Dpµ

dτ
=

1
2

SλνuγRµγνλ

Original derivation: Evaluate T µν

||ν = 0 with ansatz

√
−gT µν =

∫
dτ

[
tµν

δ(4) + (tµνα
δ(4))||α

]
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Reduction of the Matter Part

Solve matter constraints, Schwinger time gauge e(0)µ = nµ , τ = t .
Variable redefinitions:

z i = ẑ i − nSi

m−np
, np =−

√
m2 + γ ijpipj

Sij = Ŝij −
pinSj

m−np
+

pjnSi

m−np
, nSi =−

pk γkj Ŝji

m

Λ[i](j) = Λ̂[i](k)
(

δkj +
p(k)p(j)

m(m−np)

)
, γik γjlAkl =

1
2

Ŝij +
mp(inSj)

np(m−np)

p̂i = pi + KijnSj + Akle(j)k e(j)
l ,i −

(
1
2

Skj +
p(k nSj)

np

)
Γkj

i

Matter Lagrangian density now, with Ω̂(i)(j) = Λ̂[k ]
(i) ˙̂Λ[k ](j),

LM = Aije(k)ie
(k)
j ,0 δ̂ + p̂i

˙̂z i
δ̂ +

1
2

Ŝ(i)(j)Ω̂
(i)(j)

δ̂ −NH matter +N iH matter
i
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ADM Formalism with Spin
Legendre transformation for gravitational field.
Spatial symmetric gauge (Kibble 1963): e(i)j = eij = eji

eijejk = γik ⇒ (eij) =
√

(γij)

Action:

W =
1

16π

∫
d4x π̂

ij
γij ,0 +

∫
dt
[
p̂i

˙̂z i +
1
2

Ŝ(i)(j)Ω̂
(i)(j)−H

]
H =

∫
d3x(NH −N iHi) + E [γij ]

Canonical field momentum:

π̂
ij = π

ij + 8πA(ij)
δ̂ + 16πBij

klA
[kl]

δ̂

2Bij
kl = emk

∂eml

∂γij
−eml

∂emk

∂γij
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Full Reduction

Solve field constraints in ADMTT gauge.
Fully reduced action:

W =
1

16π

∫
d4x π̂

ij
TThTT

ij ,0 +
∫

dt
[
p̂i

˙̂z i +
1
2

Ŝ(i)(j)Ω̂
(i)(j)−HADM

]
HADM = E [ẑ i , p̂i , Ŝ(i)(j),hTT

ij , π̂ ijTT]

Fundamental equal-time Poisson brackets:

{ẑ i , p̂j}= δij , {Ŝ(i), Ŝ(j)}= εijk Ŝ(k)

{hTT
ij (x, t), π̂kl

TT(x′, t)}= 16πδ
TTkl
ij δ (x−x′)

Valid to all orders linear in spin.
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Conserved Quantities

Energy: E = HADM

Total linear and angular momentum:
Pi = ∑

a
p̂ai −

1
16π

∫
d3x π̂

kl
TThTT

kl ,i

Jij = ∑
a

(ẑ i
ap̂aj − ẑ j

ap̂ai ) +∑
a

Ŝa(i)(j)

− 1
16π

∫
d3x (x i

π̂
kl
TThTT

kl ,j −x j
π̂

kl
TThTT

kl ,i )

− 1
16π

∫
d3x 2(π̂

ik
TThTT

kj − π̂
jk
TThTT

ki )

Boost: J i0 ≡ K i ≡Gi − t P i

With center-of-mass vector:

Gi =− 1
16π

∫
d3xx i∆φ
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Stress-Energy-Tensor Algebra (Minkowski)

{H m(x),H m(x ′)}=−H m
i (x)δxx′,i −H m

i (x ′)δxx′,i

{H m
i (x),H m(x ′)}=−H m(x)δxx′,i −Tij (x ′)δxx′,j

{H m
i (x),H m

j (x ′)}=−H m
j (x)δxx′,i −H m

i (x ′)δxx′,j + ∂n∂
′
q
[
hinjq(x)δxx′

]
hinjq(x) =

[
− Ŝq)(nPi)(j −δ

kl p̂k Ŝl(nPi)(j p̂q)

np̂(m−np̂)
+ δ

kl p̂k Ŝl(qPj)(i p̂n)

np̂(m−np̂)

]
δ̂

Pij ≡ δij −
p̂i p̂j

np̂2

H m(x) = T 00 , H m
i (x) = T 0i

Local version of the Poincaré algerbra.
Minkowski limit of the gravitational constraint algebra.
Dirac field also has hinjq(x) 6= 0.
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Order-by-Order Construction

Hamiltonian =̂ energy depending on canonical variables.
Need to find canonical variables!
Relate symmetry generators

Pi = ∑
a

p̂ai + Pfield
i , Ji = ∑

a

[
εijk ẑ j

ap̂ak + Ŝa(i)

]
+ Jfield

i

with surface integrals at spatial infinity.
Global Poincaré algebra:{

Pi ,Pj
}

= 0 , {Pi ,H}= 0 , {Ji ,H}= 0{
Ji ,Pj

}
= εijkPk ,

{
Ji ,Jj

}
= εijkJk , {Ji ,Gj}= εijkGk

{Gi ,Pj}= Hδij , {Gi ,H}= Pi , {Gi ,Gj}=−εijkJk
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Symmetry Generators

ADM gauge conditions invariant under

x i → x i + ai + ω
ijx j , ai = const , ω

ij = ω
[ij] = const

Matter variables transform as

ẑ i
a→ ẑ i

a + ai + ω
ij ẑ j

a

p̂ai → p̂ai + ω
ij p̂aj

Ŝa(i)(j)→ Ŝa(i)(j) + ω
imŜa(m)(j) + ω

jmŜa(i)(m)

Construct generators Pi and Jij such that

A→ A + 1
2ω

ij{A,Jji}+ ai{A,Pi}

⇒ δij = {ẑ i
a,Pj}=

∂Pj

∂ p̂ai
⇒ Pi = ∑

a
p̂ai + Pfield

i

Similarly
Jij = ∑

a

[
ẑ i

ap̂aj − ẑ j
ap̂ai + Ŝa(i)(j)

]
+ Jfield

ij
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Canonical Variables at 2PN

Calculate H matter
i :

H matter
i =−

√
γTiνnν

Define canonical momentum p̂i as:

p̂i =
∫

d3xH matter
i

Define spin Ŝij = ei(k)ej(l)εklmŜ(m) such that Ŝ2 = const.
ẑ and ei(k) fixed by

Jij = ẑ i p̂j − ẑ j p̂i + εijmŜ(m) =
∫

d3x(x iH matter
j −x jH matter

i )
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Next-to-Leading Order (NLO) Spin-Orbit
See also: Tagoshi, Ohashi, Owen (2001); Faye, Blanchet, Buonanno (2006)
Hamiltonian first derived: Damour, Jaranowski, and Schäfer (2008)

HNLO
SO =− ((p̂1× Ŝ1) · n̂12)

r̂2
12

[
5m2p̂2

1
8m3

1
+

3(p̂1 · p̂2)

4m2
1
−

3p̂2
2

4m1m2

+
3(p̂1 · n̂12)(p̂2 · n̂12)

4m2
1

+
3(p̂2 · n̂12)

2

2m1m2

]

+
((p̂2× Ŝ1) · n̂12)

r̂2
12

[
(p̂1 · p̂2)

m1m2
+

3(p̂1 · n̂12)(p̂2 · n̂12)

m1m2

]

+
((p̂1× Ŝ1) · p̂2)

r̂2
12

[
2(p̂2 · n̂12)

m1m2
− 3(p̂1 · n̂12)

4m2
1

]

− ((p̂1× Ŝ1) · n̂12)

r̂3
12

[
11m2

2
+

5m2
2

m1

]

+
((p̂2× Ŝ1) · n̂12)

r̂3
12

[
6m1 +

15m2
2

]
+(1↔ 2)
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NLO Spin1-Spin2
Partial result: Porto and Rothstein (2006)

HNLO
S1S2

=
1

2m1m2 r̂3
12

[ 3
2 ((p̂1× Ŝ1) · n̂12)((p̂2× Ŝ2) · n̂12)+

1
2 (Ŝ1 · Ŝ2)(p̂1 · p̂2)

+6((p̂2× Ŝ1) · n̂12)((p̂1× Ŝ2) · n̂12)− 1
2 (Ŝ1 · p̂2)(Ŝ2 · p̂1)

−15(Ŝ1 · n̂12)(Ŝ2 · n̂12)(p̂1 · n̂12)(p̂2 · n̂12)+(Ŝ1 · p̂1)(Ŝ2 · p̂2)

−3(Ŝ1 · n̂12)(Ŝ2 · n̂12)(p̂1 · p̂2)+3(Ŝ1 · p̂2)(Ŝ2 · n̂12)(p̂1 · n̂12)

+3(Ŝ2 · p̂1)(Ŝ1 · n̂12)(p̂2 · n̂12)+3(Ŝ1 · p̂1)(Ŝ2 · n̂12)(p̂2 · n̂12)

+3(Ŝ2 · p̂2)(Ŝ1 · n̂12)(p̂1 · n̂12)−3(Ŝ1 · Ŝ2)(p̂1 · n̂12)(p̂2 · n̂12)]

+
3

2m2
1 r̂3

12
[−((p̂1× Ŝ1) · n̂12)((p̂1× Ŝ2) · n̂12)

+(Ŝ1 · Ŝ2)(p̂1 · n̂12)
2− (Ŝ1 · n̂12)(Ŝ2 · p̂1)(p̂1 · n̂12)]

+
3

2m2
2 r̂3

12
[−((p̂2× Ŝ2) · n̂12)((p̂2× Ŝ1) · n̂12)

+(Ŝ1 · Ŝ2)(p̂2 · n̂12)
2− (Ŝ2 · n̂12)(Ŝ1 · p̂2)(p̂2 · n̂12)]

+
6(m1 +m2)

r̂4
12

[(Ŝ1 · Ŝ2)−2(Ŝ1 · n̂12)(Ŝ2 · n̂12)]
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NLO Center of Mass

GNLO
SO =−∑

a

p̂2
a

8m3
a

(p̂a× Ŝa)

+∑
a

∑
b 6=a

mb

4ma r̂ab

[
((p̂a× Ŝa) · n̂ab)

5ẑa + ẑb

r̂ab
−5(p̂a× Ŝa)

]
+∑

a
∑
b 6=a

1
r̂ab

[
3
2

(p̂b× Ŝa)− 1
2

(n̂ab× Ŝa)(p̂b · n̂ab)

− ((p̂b× Ŝa) · n̂ab)
ẑa + ẑb

r̂ab

]
GNLO

S1S2
=

1
2 ∑

a
∑
b 6=a

{[
3(Ŝa · n̂ab)(Ŝb · n̂ab)− (Ŝa · Ŝb)

] ẑa

r̂3
ab

+ (Ŝb · n̂ab)
Ŝa

r̂2
ab

}
⇒ Poincaré algebra is fulfilled.
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The Stress-Energy Tensor with Quadrupole

Ansatz:

√
−gT µν =

∫
dτ

[
tµν

δ(4) + (tµνα
δ(4))||α + (tµναβ

δ(4))||αβ

]
Evaluate T µν

||ν = 0: (with D. Puetzfeld)

D(Sµν )

Dτ
= 2p[µuν] +

4
3

R[µ
ρβα

Jν]ρβα

Dpµ

Dτ
=−1

2
RµρβαuρSβα − 1

6
Rνρβα;µJνρβα

√
−gT µν =

∫
dτ

[
u(µpν)

δ(4) +
1
3

R(µ

ρβα
Jν)ρβα

δ(4)

+ (u(µSν)α
δ(4))||α −

2
3

(Jµαβν
δ(4))||(αβ)

]
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Quadrupole Deformation due to Spin

Mass quadrupole Qµν :

Jνρβα =−3u[νQρ][β uα]

Spin-squared ansatz for Qµν :

Qµν =
CQ

mp

(
SµρSν

ρ − 1
3

PµνSρσ Sρσ

)
For black holes CQ = 1.
Comparison with EFT approach (Porto, Rothstein, 2008):

LS2 =− 1
2m

R(4)
µναβ

SρµSαβ
uνuρ√
−uσ uσ︸ ︷︷ ︸

SSC preserving

−1
2

R(4)
αµβν

Qαβ uµuν

√
−uσ uσ︸ ︷︷ ︸

quadrupole deformation

Jµναβ =−6
∂LS2

∂R(4)
µναβ

Bailey, Israel (1975)

Kij in matter action problematic for canonical formulation.
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NLO Spin1-Spin1 for Black Holes and Neutron Stars

HNLO
S2

1
=

m2

m3
1 r̂3

12

[(
15
4
− 9

2
CQ

)
(p̂1 · n̂12)(Ŝ1 · n̂12)(Ŝ1 · p̂1)+

(
5
4
− 5

4
CQ

)
p̂2

1Ŝ2
1

+

(
−9

8
+

3
2

CQ

)
(p̂1 · n̂12)

2Ŝ2
1 +

(
−21

8
+

9
4

CQ

)
p̂2

1(Ŝ1 · n̂12)
2

+

(
−5

4
+

3
2

CQ

)
(Ŝ1 · p̂1)

2
]
+

CQ

m1m2 r̂3
12

[
9
4

p̂2
2(Ŝ1 · n̂12)

2− 3
4

p̂2
2Ŝ2

1

]
+

1
m2

1 r̂3
12

[(
−3

2
+

9
2

CQ

)
(p̂2 · n̂12)(Ŝ1 · n̂12)(Ŝ1 · p̂1)

+

(
−3+

3
2

CQ

)
(p̂1 · n̂12)(Ŝ1 · n̂12)(Ŝ1 · p̂2)+

(
−3

2
+

9
4

CQ

)
(p̂1 · p̂2)Ŝ2

1

+

(
3
2
− 3

4
CQ

)
(p̂1 · n̂12)(p̂2 · n̂12)Ŝ2

1 +

(
3− 21

4
CQ

)
(p̂1 · p̂2)(Ŝ1 · n̂12)

2

− 15
4

CQ(p̂1 · n̂12)(p̂2 · n̂12)(Ŝ1 · n̂12)
2 +

(
3
2
− 3

2
CQ

)
(Ŝ1 · p̂1)(Ŝ1 · p̂2)

]
+

m2

r̂4
12

[(
2+

1
2

CQ

)
Ŝ2

1−
(

3+
3
2

CQ

)
(Ŝ1 · n̂12)

2
]

+
m2

2
m1 r̂4

12

[
(1+2CQ)Ŝ2

1− (1+6CQ)(Ŝ1 · n̂12)
2
]
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