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Frame-Dependence of Center and Spin in SR

Spinning object moving with velocity v.
Shall have constant density in rest frame.
Upper hemisphere faster than lower.
Upper hemisphere more massive than
lower.
Center of mass displaced by ∆x.
Spin depends on location of center.

Description by means of a 4-tensor Sµν :
Spin is Sij = ε ijk Sk .
Mass dipole related to S0i .

Spin supplementary condition (SSC) fixates S0i in terms of Sij .
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SSC in SR

Usefull SSCs are, with mass m and 4-momentum pµ = muµ :
Møller SSC: S̃0µ = 0
Fokker-Synge-Pryce (covariant) SSC: Sµνpν = 0
Newton-Wigner (canonical) SSC: mŜ0µ − Ŝµνpν = 0

Canonical structure depends on SSC, and can be complicated.
In covariant SSC, with position z:

{z i(t),z j(t)}=
Sij

m2 −
piS0j −pjS0i

m2p0 , . . .

In Newton-Wigner SSC:

{ẑ i(t),pj(t)}= δij , {Ŝi(t), Ŝj(t)}= εijk Ŝk (t)

{Ŝ2, . . .}= 0 ⇒ Ŝ2 = const.
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Spin in GR

We restrict to linear order in spin for now:
No deformation by spin or tidal forces included.
Linear order is universal.

Stress-Energy Tensor in covariant SSC:

√
−g T µν =

∫
dτ

[
muµuν

δ(4)− (Sα(µuν)
δ(4))||α

]
δ(4) ≡ δ (x−z) , δ ≡ δ (x−z)

EOM follow from T µν

||ν = 0:

DSµν

dτ
= 0 ,

Dpµ

dτ
=

1
2

SλνuγRµγνλ

Various actions are known (more later).
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Perturbative Solution of Partial Differential Equations

Example:
∆f (x) = a(x) + b(x)f (x) + c(x)[f (x)]2 + . . .

In general: vectors, other diff. op., derivatives on RHS, . . .
Perturbative expansion, e.g. a = a(1) + a(2) + a(3) + . . .

Leads to recursive equations:

∆f(1)(x) = a(1)(x)

∆f(2)(x) = a(2)(x) + b(1)(x)f(1)(x)

∆f(3)(x) = a(3)(x) + b(1)(x)f(2)(x) + b(2)(x)f(1)(x)

+ c(1)(x)[f(1)(x)]2

...

Delta sources⇒ Regularization, e.g., calculate in d dimensions.
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(3+1)-Decomposition: Metric

Decomposition of the metric:

gµν =

(
N iNi −N2 Ni

Nj γij

)
, g00 =− 1

N2

Normal vector of the 3-dim. hypersurfaces:

nµ = (−N,0,0,0)

Exterior curvature of the 3-dim. hypersurfaces:

Kij ≡−n(i ||j) =−NΓ0
ij

π
ij =−

√
γ(γ

ik
γ

lj − γ
ij
γ

kl)Kkl

Jan Steinhoff (FSU Jena) Canonical formulation of extended bodies October 28th, 2009 7 / 28



(3+1)-Decomposition: Field Equations

Decomposition of the field equations:
Constraint equations:

0 = H ≡− 1
16π
√

γ

[
γR+

1
2

(
γij π

ij
)2
− γij γkl π

ik
π

jl
]
+H matter

0 = Hi ≡
1

8π
γij π

jk
;k +H matter

i

Evolution equations:
γij ,0 = 2Nγ

−1/2(πij − 1
2 γij γkl π

kl )+Ni;j +Nj;i

π
ij
,0 =−N

√
γ(Rij − 1

2 γ
ijR)+ 1

2 Nγ
−1/2

γ
ij (πmn

πmn− 1
2 (γmnπ

mn)2)

−2Nγ
−1/2(γmnπ

im
π

nj − 1
2 γmnπ

mn
π

ij )+
√

γ(N ;ij − γ
ijN ;m

;m)

+(π ijNm);m−N i
;mπ

mj −N j
;mπ

mi + 1
2 Nγ

im
γ

nj√
γTmn

Source terms are related to the stress-energy tensor T µν by:

H matter ≡
√

γTµν nµ nν

H matter
i ≡−

√
γTiν nν
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ADM Canonical Formalism

Gauge independent Hamiltonian:

H[x i
a,pai ,γij ,π

ij ] =
∫

d3x(NH −N iHi) + E [γij ]

E [γij ] =
1

16π

∮
d2si(γij ,j − γjj ,i)

Hamiltonian in ADMTT gauge (ADM Hamiltonian)
=̂ ADM Energy depending on canonical variables:

HADM = E [x i
a,pai ,hTT

ij ,π ij
TT] =− 1

16π

∫
d3x∆φ

γij =

(
1 +

1
8

φ

)4

δij + hTT
ij

Matter only Hamiltonian: Elimination of hTT
ij and π

ij
TT by solving the

evolution equations.

Jan Steinhoff (FSU Jena) Canonical formulation of extended bodies October 28th, 2009 9 / 28



Global Poincaré Invariance: Generators

Global Poincaré group is a consequence of asymptotic flatness.
(3+1)-decomposition of Pµ and Jµν :

Energy: E ≡ P0

Momentum: P i

Angular momentum: J i ≡ 1
2 ε ijk Jjk

Boost: J i0 ≡ K i ≡Gi − t P i

Center of mass: X i ≡Gi/E

Pi , Jij , E and Gi in ADMTT gauge (2PN):

Pi =
∫

d3xH matter
i Jij =

∫
d3x(x iH matter

j −x jH matter
i )

E =− 1
16π

∫
d3x∆φ Gi =− 1

16π

∫
d3xx i∆φ

Jan Steinhoff (FSU Jena) Canonical formulation of extended bodies October 28th, 2009 10 / 28



Global Poincaré Invariance: Algebra

The algebra of global Poincaré invariance reads{
Pi ,Pj

}
= 0 , {Pi ,H}= 0 , {Ji ,H}= 0 ,{

Ji ,Pj
}

= εijkPk ,
{

Ji ,Jj
}

= εijkJk , {Ji ,Gj}= εijkGk ,

{Gi ,Pj}= Hδij , {Gi ,H}= Pi , {Gi ,Gj}=−εijkJk ,

Fundamental equal-time Poisson brackets:

{ẑ i
a,Paj}= δij , {Ŝa(i), Ŝa(j)}= εijk Ŝa(k) ,

{hTT
ij (x, t),πklTT(x′, t)}= 16πδ

TTkl
ij δ (x−x′) ,

It must hold:

Pi = ∑
a

Pai , Ji = ∑
a

[
εijk ẑ j

aPak + Ŝa(i)

]
.
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Identification of Canonical Variables

Calculate H matter
i :

H matter
i =−

√
γTiνnν

Define canonical momentum Pi as:

Pi =
∫

d3xH matter
i

Define spin Ŝij = ei(k)ej(l)εklmŜ(m) such that S2 = const. and

Jij = ẑ iPj − ẑ jPi + εijmŜ(m) =
∫

d3x(x iH matter
j −x jH matter

i )

Go over to canonical position variable z by a Lie shift
(such that one has the Newton-Wigner SSC in flat space).
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The Leading-Order (LO) in Spin

LO Spin-Orbit Hamiltonian:

HLO
SO = ∑

a
∑

b 6=a

1
r2
ab

(Sa×nab) ·
[

3mb

2ma
Pa−2Pb

]
LO Spin1-Spin2 Hamiltonian:

HLO
SS = ∑

a
∑

b 6=a

1
2r3

ab
[3(Sa ·nab)(Sb ·nab)− (Sa ·Sb)]

Center of mass vector:

GLO
SO = ∑

a

1
2ma

(Pa×Sa) , GLO
SS = 0
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NLO Spin-Orbit Hamiltonian
First derived: Damour, Jaranowski, and Schäfer (2008)

HNLO
SO =− ((P1×S1) ·n12)

r2
12

[
5m2P2

1
8m3

1
+

3(P1 ·P2)

4m2
1
−

3P2
2

4m1m2

+
3(P1 ·n12)(P2 ·n12)

4m2
1

+
3(P2 ·n12)

2

2m1m2

]

+
((P2×S1) ·n12)

r2
12

[
(P1 ·P2)

m1m2
+

3(P1 ·n12)(P2 ·n12)

m1m2

]

+
((P1×S1) ·P2)

r2
12

[
2(P2 ·n12)

m1m2
− 3(P1 ·n12)

4m2
1

]

− ((P1×S1) ·n12)

r3
12

[
11m2

2
+

5m2
2

m1

]

+
((P2×S1) ·n12)

r3
12

[
6m1 +

15m2
2

]
+(1↔ 2)
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NLO Spin1-Spin2 Hamiltonian
Partial result: Porto and Rothstein (2006)

HNLO
S1S2

=
1

2m1m2r3
12

[ 3
2 ((P1×S1) ·n12)((P2×S2) ·n12)+

1
2 (S1 ·S2)(P1 ·P2)

+6((P2×S1) ·n12)((P1×S2) ·n12)− 1
2 (S1 ·P2)(S2 ·P1)

−15(S1 ·n12)(S2 ·n12)(P1 ·n12)(P2 ·n12)+(S1 ·P1)(S2 ·P2)

−3(S1 ·n12)(S2 ·n12)(P1 ·P2)+3(S1 ·P2)(S2 ·n12)(P1 ·n12)

+3(S2 ·P1)(S1 ·n12)(P2 ·n12)+3(S1 ·P1)(S2 ·n12)(P2 ·n12)

+3(S2 ·P2)(S1 ·n12)(P1 ·n12)−3(S1 ·S2)(P1 ·n12)(P2 ·n12)]

+
3

2m2
1r3

12
[−((P1×S1) ·n12)((P1×S2) ·n12)

+(S1 ·S2)(P1 ·n12)
2− (S1 ·n12)(S2 ·P1)(P1 ·n12)]

+
3

2m2
2r3

12
[−((P2×S2) ·n12)((P2×S1) ·n12)

+(S1 ·S2)(P2 ·n12)
2− (S2 ·n12)(S1 ·P2)(P2 ·n12)]

+
6(m1 +m2)

r4
12

[(S1 ·S2)−2(S1 ·n12)(S2 ·n12)]
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NLO Center of Mass

GNLO
SO =−∑

a

P2
a

8m3
a

(Pa×Sa)

+∑
a

∑
b 6=a

mb

4marab

[
((Pa×Sa) ·nab)

5za + zb

rab
−5(Pa×Sa)

]
+∑

a
∑
b 6=a

1
rab

[
3
2

(Pb×Sa)− 1
2

(nab×Sa)(Pb ·nab)

− ((Pa×Sa) ·nab)
za + zb

rab

]
GNLO

SS =
1
2 ∑

a
∑
b 6=a

{
[3(Sa ·nab)(Sb ·nab)− (Sa ·Sb)]

za

r3
ab

+ (Sb ·nab)
Sa

r2
ab

}
⇒ Poincaré algebra is fulfilled.
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The Stress-Energy Tensor with Quadrupole
The NLO S2

1 Hamiltonian

4 Higher Post-Newtonian Orders
Higher Orders from the Stress-Enery Tensor
Action Approach

Jan Steinhoff (FSU Jena) Canonical formulation of extended bodies October 28th, 2009 18 / 28



Hamiltonians from the Poincaré Algebra
Hergt and Schäfer (2008)

The full Hamiltonian up to 2PN enters the Poincaré algebra:

H = HN + H1PN + H2PN + H1PN
SO + H2PN

SO + HS2 + HS3p + HS2p2 + HS4

Source terms in canonical variables sufficient for HS2
2S1p1

, HS3
2p1

,
HS3

1p2
, HS2

1S2p2
, HS2

1S2
2
, HS1S3

2
, and HS2S3

1
were obtained from the

Kerr-metric in ADM coordinates (HS 2007).
Ansatzes for HS2

1p2 , HS2
2p2 , HS3

1p1
, HS3

2p2
, HS2

1S2p1
, HS2

2S1p2
, HS4

1
, and

HS4
2

are fixed up to canonical transformation by {Gi ,H}= Pi .

The static (linear momentum independent) part of the Hamilton
constraint is needed to fix these remaining degrees of freedom.
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The Stress-Energy Tensor with Quadrupole
with D. Puetzfeld, arXiv:0909.3756

Stress-energy tensor density with quadrupole has the structure:

√
−gT µν =

∫
dτ

[
tµν

δ(4) + (tµνα
δ(4))||α + (tµναβ

δ(4))||αβ

]
Getting expressions for the tµν ... from T µν

||ν = 0:
Dixon’s work: Complicated definitions.
Tulczyjew’s theorems: Complicated calculation.

Left to do (unpublished):
Relate quadrupole expressions to the quantity
I ij
1 ≡ γ ik γ jlγmnŜ1kmŜ1nl + 2

3S2
1γ ij .

Perform the (3+1)-split.
Identify canonical variables. . .
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Ansatz for the Static Source Terms

H matter
S2

1, static =
c1

m1

(
I ij
1δ1

)
;ij

+
c2

m1
Rij I

ij
1δ1 +

c3

m1
S2

1

(
γ

ij
δ1

)
;ij

+
c4

m1
RS2

1δ1

+
1

8m1
gmnγ

pj
γ

ql
γ

mi
,pγ

nk
,qŜ1ij Ŝ1klδ1

+
1

4m1

(
γ

ij
γ

mn
γ

kl
,mŜ1lnŜ1jk δ1

)
,i

This ansatz is 3-dim. covariant, as Pi is not:

Pi =
∫

d3xH matter
i = pi −

1
2

gijγ
lm

γ
kj
,mŜkl + . . .

Terms like I ij
1 ;k δ1 or I ij

1δ1;k can not appear.

γij for Kerr⇒ c1 =−1
2 .

Lapse function for Kerr⇒ c2 = 0.
c3 and c4 do not contribute to the Hamiltonian.
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NLO Spin1-Spin1 Hamiltonian

HNLO
S2

1
=

1
r3
12

[
m2

4m3
1
(P1 ·S1)

2 +
3m2

8m3
1
(P1 ·n12)

2 S2
1−

3m2

8m3
1

P2
1 (S1 ·n12)

2

− 3m2

4m3
1
(P1 ·n12)(S1 ·n12)(P1 ·S1)−

3
4m1m2

P2
2S2

1

+
9

4m1m2
P2

2 (S1 ·n12)
2 +

3
4m2

1
(P1 ·P2)S2

1

− 9
4m2

1
(P1 ·P2)(S1 ·n12)

2 +
3

4m2
1
(P1 ·n12)(P2 ·n12)S2

1

− 3
2m2

1
(P1 ·n12)(P2 ·S1)(S1 ·n12)

+
3

m2
1
(P2 ·n12)(P1 ·S1)(S1 ·n12)

− 15
4m2

1
(P1 ·n12)(P2 ·n12)(S1 ·n12)

2
]

− m2

r4
12

[
9
2
(S1 ·n12)

2− 5
2

S2
1 +

7m2
m1

(S1 ·n12)
2− 3m2

m1
S2

1

]
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Higher Orders from the Stress-Enery Tensor
with H. Wang, arXiv:0910.1008

Need spin corrections to canonical field momentum:

π
ij
can = π

ij
field + π

ij
spin ,

π
ij
field =−

√
γ(γ

ik
γ

jl − γ
ij
γ

kl)Kkl .

Choose π
ij
spin such that:

Pi = ∑
a

Pai −
1

16π

∫
d3x π

klTT
can hTT

kl ,i

Jij = ∑
a

(ẑ i
aPaj − ẑ j

aPai ) +∑
a

Ŝa(i)(j)

− 1
16π

∫
d3x (x i

π
klTT
can hTT

kl ,j −x j
π

klTT
can hTT

kl ,i )

−2
1

16π

∫
d3x (π

ikTT
can hTT

kj −π
jkTT
can hTT

ki )

Got Hamiltonian for field evolution at formal 3.5PN.
Checked 1PN energy flux (Kidder 1995).
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Action Approach
Steinhoff and Schäfer (2009)

Action:

W [eaµ ,zµ ,pµ ,Λ
Ca,Sab,λ

a
1 ,λ2[i],λ3] =

∫
d4x L

ΛAaΛBb
ηAB = η

ab

Lagrangian densities L = LG +LM +LC :

LM =
∫

dτ

[(
pµ −

1
2

Sab ω
ab

µ

)
dzµ

dτ
+

1
2

Sab
dθ ab

dτ

]
δ(4)

LC =
∫

dτ

[
λ

a
1 Sabpb + λ2[i]Λ

[i]apa−
λ3

2
(p2 + m2)

]
δ(4)

LG =
1

16π

√
−gR(4)

dθ
ab = Λ a

C dΛCb
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Reduction of the Matter Part
in covariant SSC and time gauge

LM = LMK +LMC +LGK

Kinetic matter part:

LMK =

[
pi + KijnSj + Akle(j)ke(j)

l ,i −
(

1
2

Skj +
p(knSj)

np

)
Γkj

i

]
ż i

δ

+
nSi

2np
ṗiδ +

[
S(i)(j) +

nS(i)p(j)−nS(j)p(i)

np

]Λ
(i)
[k ]Λ̇

[k ](j)

2
δ

Constraint part LMC = NH matter−N iH matter
i :

H matter =
√

γTµνnµnν , H matter
i =−

√
γTiνnν
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Reduction of the Field Part and Result
Transition to (generalized) Newton-Wigner variables.

⇒ L̂GK = Âije(k)ie(k)j ,0δ , gikgjl Âkl =
1
2

Ŝij +
mp(inSj)

np(m−np)

Spatial symmetric gauge (Kibble 1963): e(i)j = eij = eji

eijejk = gik ⇒ eij =
√

gij

Definition of field momentum:

π
ij
can = π

ij + 8πÂ(ij)
δ + 16πBij

kl Â
[kl]

δ

ek [iej]k ,0 = Bkl
ij gkl ,0

Result:

W =
1

16π

∫
d4xπ

ijTT
can hTT

ij ,0 +
∫

dt
[
Pi

˙̂z i +
1
2

Ŝ(i)(j)
d θ̂ (i)(j)

dt
−E

]
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Thank you for your attention!

Jan Steinhoff (FSU Jena) Canonical formulation of extended bodies October 28th, 2009 28 / 28


	Introduction
	Spinning objects in SR and GR
	ADM Canonical Formalism
	Global Poincaré Invariance

	Hamiltonians from the Stress-Energy Tensor
	Stress-Energy Tensor in Canonical Variables
	Results

	Hamiltonians from the Poincaré Algebra
	The Stress-Energy Tensor with Quadrupole
	The NLO Spin-Squared Hamiltonian

	Higher Post-Newtonian Orders
	Higher Orders from the Stress-Enery Tensor
	Action Approach


